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I. INTRODUCTION

Separation axioms on topological spaces are those to
classify the classes of topological spaces. Maheswari and
Prasad introduced the notion of semi-T; (i=0, 1, 2) spaces
using semi-open sets in 1975. AskishKar and Bhattacharyya
introduced the concepts of pre-T; (i=0, 1, 2) spaces.
Balasubramanian et al. defined the concept r-T; using regular
open sets. Quite recently S. Pious Missier et al.
introduced a new class of nearly open set, namely regular*-
open sets and studied some properties of these sets.

In this paper, we introduce r*-T; (i=0,1,2) spaces
using regular*-open sets and investigate some of their basic
properties. We also study the relationships among themselves
and with known separation axioms T;and r-T; (i=0,1, 2).

I1. PRELIMINARIES

Throughout this paper (X, 1) will always denote a
topological space on which no separation axioms are assumed,
unless explicitly stated. If A is a subset of the space (X, 1),
cl(A) and int(A) respectively denote the closure and the
interior of Ain X .

Definition 2.1[4]: A subset A of a topological space (X, 1) is
called

(i) generalized closed (briefly g-closed) if cl(A)SU whenever
AcU and U is open in X.
(ii) generalized open(briefly g-open) if X\A is g-closed in X.

Definition 2.2[3]: Let A be a subset of X. The generalized

closure of A is defined as the intersection of all g-closed sets
containing A and is denoted by cl*(A).
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Definition 2.3[3]: Let A be a subset of X. The generalized
interior of A is defined as the union of all g-open sets in X
containing A and is denoted by int*(A).

Definition 2.4[8]: A subset A of a topological space (X, 1) is
called regular open if A=int(cl(A)) and regular closed if
A=cl(int(A)).

Definition 2.5[6]: A subset A of a topological space (X, 1) is
called regular*-open if A=int(cl*(A)) and regular*-closed if
A=cl(int*(A)).

Definition 2.6[6]: Let A be a subset of X. Then the regular*-
closure of A is defined as the intersection of all regular*-
closed sets containing A and is denoted by r*cl(A).

Definition 2.7: A space X is said to be To (resp. r-To[2]) if for
every pair of distinct points x and y in X, there is an open
(resp. regular-open) set in X containing one of x and y but not
the other.

Definition 2.8: A space X is said to be T1 (resp.r-T1 [2]) if for
every pair of distinct points x and y in X, there are open (resp.
regular-open) sets U and V such that U contains x but not y
and V contains y but not x.

Definition 2.9: A space X is said to be T, (resp. r-T2 [2]) if for
every pair of distinct points x and y in X, there are disjoint
open (resp. regular-open) sets U and V in X containing x and y
respectively.

Lemma 2.10 [10]: A topological space (X,t) is T if and only
if {x} is closed for every xe X.

Definition 2.11[7]: A function f :X—Y is said to be

(i) regular*-continuous if f (V) is regular*-open in X for
every opensetVinY

(ii) regular*-open if f(V) is regular*-open in Y for every open
setVin X.

(iii) regular*-closed if f(V) is regular*-closed in Y for every
closed set V in X.

(iv) pre regular*-open if f(V) is regular*-open in Y for every
regular*-open set V in X.
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(v) regular*-irresolute if f (V) is regular*-open in X for every
regular*-open set Vin Y.

(vi) strongly regular*-irresolute if f -*(V) is open in X for
every regular*-open set Vin Y.

Theorem 2.12[6]: (i) Every regular open set is regular*-open.
(if) Every regular*-open set is open.

1. r*-ToSpaces

In this section we introduce r*-To spaces and investigate some
of their basic properties.

Definition 3.1: A topological space X is said to be r*-Ty if for
any two distinct points x and y of X, there exists a Regular*-
open set G such that (xeG and y¢G) or (yeG and x¢G).

Theorem 3.2: Every r*-T, space is To.

Proof: Let X be a r*-Ty space. Let x and y be two distinct
points in X. Since X is r*-Ty, there exists a regular*-open set
U such that (xeU and y ¢U) or (yeU and xgU). Since every
regular*-open set is open, we have U is an open set such that
(xeUandy ¢U) or (yeU and xgU).

Hence X is To.

Remark 3.3: The converse of the above theorem is not true,
as seen from the following example.

Example 3.4: Consider the space (X, 1), where X= {a, b, ¢, d,
e} and 1=={¢, {a}, {b}, {c}, {a, b}, {a, ¢}, {b, ¢}, {a, b, ¢}, {a,
b, ¢, d}, X}. Clearly (X, 1) is To. Here there is no regular open
set containing one of the elements d and e but not other. So it
isnotr-To,

Theorem 3.5: Every r-Tg space is r*-To.

Proof: Let X be a r*-T, space. Let x and y be two distinct
points in X. Since X is r-Ty, there exists a regular-open set U
such that xeU and ygU (or) yeU and xeU. since every
regular-open set is regular*-open, we have U is an regular*-
open set such that xeU and y¢U (or) yeU and x¢U. Hence X
is r*-To.

Remark 3.6: The converse of the above theorem is not true,
as seen from the following example.

Example 3.7: Consider the space (X, t), where X={a, b, c, d}
and t=={¢, {a}, {b}, {a, b}, {b, ¢}, {a, b, ¢}, X}. Clearly (X, 1)
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is r*- To. Here there is no regular open set containing one of
the elements b and ¢ but not other. So it is not r-To,

Theorem 3.8: Let f : XY be a bijective function. The
following results hold.

(i) If fis regular*-open and X is To, then Y is r*-To.

(ii) If f is pre regular*-open and X is r*-To, then Y is r*-Th.
(iii) If f is regular*-continuous and Y is To, then X is r*-To.
(iv) If f is regular* irresolute and Y is r*-To, then X is r*-T,.

Proof:

(i) Suppose f is a regular*-open bijection and X is To. Let y,
yoeY with yiZy»

Let xi=f (y1) and x;=f "}(y2). Since f is one-to-one, Xi#x..
Since X is Ty, there exist open set U such that x;eU and x.¢U
(or) x2eU and x1¢U. Again since f is a bijection,

y1ef (U) and y2¢f(U) (or) and yzef (U) but y;:2f(U). Since f is
regular*-open, f (U) is regular*-open set in Y. Hence Y is r*-
To.

(ii) Suppose f is a pre regular*-open bijection and X is r*-To.
Let y1, y2€Y with yazy,. Let x1=f (y1) and x2=f "I(y,). Since
f is one-to-one, xi#x». Since X is r*-To, there exist regular*
open sets U such that x;eU and x2.¢U (or) x.eU and xi1¢U.
Again since f is a bijection, y1ef (U) and y.¢f (U) (or) y.ef
(U) and yi¢f (U). Since f is pre regular*-open, f (U) is
regular*-open set in Y. Hence Y is r*-T;.

(iii) Suppose f is a regular*-continuous bijection and Y is To.
Let X1, xoe X with Xi1#x2. Let y1=f(x1) and y»=f(x2). Since f is
one-to-one, yi#y2. Since Y is To, there exist open sets U in Y
such that y:eU and y.2U (or) y2eU and y:¢U. Again since f
is a bijection, x;ef "1(U) and x2¢f(U) (or) x2ef-1(U) and
x1¢f71(U). Since f is regular*- continuous, f -}(U) is a regular*-
open set in X. Hence X is r*-T.

(vi) Suppose f is a regular*-irresolute bijection and Y is r*-To.
Let X1, X 2 X with xa#x». Let y1=f(x1) and y.=f(xz). Since f is
one-to-one, ya#yz. Since Y is r*-Ty, there exist regular*-open
sets U in Y such that y;eU and y.¢U (or) y2eU but y1¢U.
Again since f is a bijection, x;ef }(U) and Xogf”
HU) (or) xefl(U) and x1¢f(U). Since f is regular*-
irresolute, f "1(U) is a regular*-open set in X. Hence X is r*-T;.

Theorem 3.9: In an r*-T, space X, the r*-closures of distinct
points are distinct.

Proof: Let X be an r*-Ty space. Let x and y be two distinct
points in X. Then there exists a regular*-open set U such that
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xeU but yeU (or) yeU but xeU. If xeU and ygU, then U is
a regular*-open set containing x that does not intersect {y}. It
follows that xgr*cl({y}). But xer*cl({x}), so we get
r¥cl({x})#r*cl({y}). The proof for the other case is similar.

IV. r*-T1 Spaces

In this section we introduce r*-T; spaces and investigate some
of their basic properties.

Definition 4.1: A space X is said to be r*-Ty if for every pair
of distinct points x and y in X, there exist regular*-open sets U

and V such that xeU but y € U and yeV but x € V.
Proposition 4.2: Every r-Ty space is r*-Ty.

Proof: Suppose X is a r-T1 space. Let x and y be two distinct
points in X. Since X is r-Ty, there exist regular-open sets U
and V such that xeU but y& U and yeV but x % V. Since
every regular open set is regular*-open, we have U and V are

regular*-open sets such tat xeU but y & U and yeV but x € V.
Hence X is r*-Ty.

Proposition 4.3: Every r*-T; space is Ti.

Proof: Suppose X is a r*-Ty space. Let x and y be two distinct

=
points in X. Since X is ™ -Ty, there exist regular*-open sets U
and V such that xeU but y€ U and yeV but x& V. since
every regular*- open set is open, we have U and V are open

sets such that xeU but y € U and yeV but x € V. Hence X is
Ti.

Theorem 4.4: A topological space (X,t) is r*-Ty, if and only
if for every xeX, r*cl{x}={x}.

Proof: Let (X,t) be r*-T1 and xeX. Then for each y #x, there
exist regular*-open sets G and H such that xeG but y¢G and
yeH but xgH. This implies that yer*cl{x}, for every yeX
and y #x. Thus {x}= r*cl{x}.

Conversely, suppose r*cl{x}={x} for every xeX. Let x, y be
two distinct points in X. Then xg{y}= r*cl{y}implies that,
there exists a regular*-closed set Bisuch that ye Bi, x¢ Bs.
Therefore, X\B; is a regular*-open set such that x € X\B; but
yeX\B1. Also yg{x}= r*cl{x} implies that, there exists a
regular*-closed set B, such that xeB,, yg B.. It follows that,
X\B; is a regular*-open set such that ye X\B; but x ¢ X\B,.
Hence (X,1) is r*-Ti.
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Theorem 4.5: Let f : X Y be a bijective function. The
following results hold.

(i) If fis regular*-open and X is T1, then Y is r*-T;.

(ii) If f is pre regular*-open and X is r*-Ty, then Y is r*-T.
(iii) If f is regular*-continuous and Y is Ty, then X is r*-T;.
(iv) If fis regular™ irresolute and Y is r*-Ty, then X
IS r*-Ty.

(v) If fis strongly regular™ irresolute and Y is r*-Ty, then X is
T

Proof:

(i) Suppose f : X Y is a regular*-open bijection and X is
Ti. Letyi, y2eY with yi#yo. Let X1=f '1(y1) and Xxo=f '1(y2).
Since f is one-to-one, xi#x,. Since X is Ty, there exist open
sets U and V such that x;eU but xo¢U and x.€V but x1¢V.
Again since f is a bijection, yief (U) but y,f
(V) and y.ef (V) but y1¢f (V). Since f is regular*-open, f (U)
and f (V) are regular*-open sets in Y. Hence Y is r*-Tj.

(ii) Suppose f: : X ™Y is a pre regular*-open bijection and X
is r*-T1. Let ys, y2€Y with yi#y2. Let X1=f '1(y1) and
x2=f “1(y,). Since f is one-to-one, Xi#x». Since X is r*-Ty, there
exist regular* open sets U and V such that x;eU but x;¢U and
x2eV but x1¢V. Again since f is a bijection, y1ef (U) but y,&f
(V) and yoef (V) but y1¢f (V). Since f is pre
regular*-open, f (U) and f (V) are regular*-open sets in Y.
Hence, Y is r*-Ti.

(iii) Suppose f : X Y is a regular*-continuous bijection and
Y is T1. Let X1, X2eX with xi#xa. Let yi=f(x1) and y>=f(x2).
Since f is one-to-one, yi#y». Since Y is Ty, there exist open
sets U and V in Y such that yieU but y,¢U and y.eV but
y1 & V. Again since f is a bijection, x;ef 2(U) but x,¢f(U)
and x2ef1(V) but x,&f1(V). Since f is regular*- continuous, f
(V) and f-%(V) are regular*-open sets in X. Hence, X is r*-T.

(vi) Suppose f: X 7Y is a regular*-irresolute bijection and Y
is r*-T1. Let X1, xoeX with Xi#x2. Let y1=f(x1) and y,=f(x2).
Since f is one-to-one, yi#£y». Since Y is r*-T,, there
exist regular*-open sets U and V in Y such that y;eU but
y2¢U and y2eV but y; V. Again since f is a bijection, x,ef -
HU) but x2¢f=1(U) and x2ef~(V) but x1¢f1(V). Since f is
regular*- irresolute, f 1(U) and f-1(V) are regular*-open sets in
X. Hence, X is r*-T.

(v) Suppose f : XY is a strongly regular*-irresolute
bijection and Y is r*-Ti. Let Xq, Xoe X with Xi#x2.
Let y1=f(x1) and y,=f(xz). Since f is one-to-one, yiy». Since Y
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is r*-T, there exist regular*-open sets U and V in Y such that
yieU but y,¢U and y,eV but y1 € V. Again since f is a
bijection, xief 1(U) but x,¢f1(U) and x.ef1(V) but xi¢f"
Y(V). Since f is strongly regular*-irresolute, f-
L(U) and f-1(V) are open sets in X. Hence, X is T1.

V. r*-T, Spaces

In this section we introduce r*-T, spaces and investigate some
of their basic properties.

Definition 5.1: A space X is said to be r*-T, if for every pair
of distinct points x and y in X, there are disjoint R*-open sets
U and V in X containing x and y respectively.

Theorem 5.2: Every r-T, space is r*-T,.

Proof: Let X be a r-T, space. Let x and y be two distinct
points in X. Since X is r-To, there exist disjoint regular-open
sets U and V such that xeU and yeV. Since every regular-
open set is regular*-open, we have U and V are disjoint
regular*-open sets such that xeU and yeV. Hence X is r*-To.

Theorem 5.3: Every r*-T, space is T.

Proof: Suppose X is a r*-T, space. Let x and y be two distinct
points in X. Since X is r*-T», there exist disjoint regular*-open
sets U and V such that xeU and yeV. Since every regular*-
open set is open, we have U and V are disjoint open sets such
that xeU and yeV. Hence X is T».

Theorem 5.4: Every r*-T;space is r*-T.

Proof: Let X be a r*-T, space. Let x and y be two distinct
points in X. Since X is r*-T», there exist disjoint regular*-open
sets U and V such that xeU and yeV. Since U and V are
disjoint, xeU buty U and yeV but x & V. Hence
Xisr*-Ti.

Theorem 5.5: If X is a r*-T, space and xeX, then for each
y#x there exists a regular*-open set U such that x€ U and

y £ rxcl(U).

Proof: Suppose X is a r*-T, space. Then for each y#x there
exist disjoint regular*-open sets U and V such that x € U and
y € V. Since V is regular*-open, X\V is regular*-closed and
USX\V. This implies that, rcl(U)SX\V. Since y%& X\V,
y £ rxcl(U).

Theorem 5.6: Let f :X Y be a bijective function. The
following results hold.
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(i) If f is regular*-open and X is To, then Y is r*-T.

(ii) If f is pre regular*-open and X is r*-Ty, then Y is r*-T.
(iii) If f is regular*-continuous and Y is To, then X is r*-T».
(iv) If f is regular* irresolute and Y is r*-To, then X is r*-To.
(v) If fis strongly regular* irresolute and Y is r*-Ty, then X is
To.

Proof:

(i) Suppose f : X7Yisa regular*-open bijection and X is T.
Let y1, y2€Y with yiy,. Let x;=f }(y1) and xo=f "I(y,). Since f
is one-to-one, Xi#x2. Since X is Ty, there exist disjoint
regular*-open sets U and V such that x;eU but x.¢U and
x2€V but x1¢V. Again since f is a bijection, y1ef (U) but y,ef
(V) and y.ef (V) but y1¢f (V). Since f is regular*-open, f (U)
and

f (V) are disjoint regular*-open sets in Y. Hence Y is r*-To.

(ii) Suppose f: X Y is a pre regular*-open bijection and X is
r*-Ty. Letys, y2eY with yi#y,. Let xi=f (y1) and xo=f "(y2).
Since f is one-to-one, xi#xp. Since X is r*-T,, there exist
disjoint regular* open sets U and V such that x;eU but x.¢U
and x2eV but x;¢V. Again since f is a bijection, y;ef (U) but
yoef (U) and y2ef (V) but yigf (V). Since f is pre regular*-
open, f (U) and f (V) are disjoint regular*-open sets in Y.
Hence, Y is r*-To.

(iii) Suppose f: X Y is a regular*-continuous bijection and
Y is T,. Let X1,

Xpe X With xi#x». Let y1=f(x1) and y.=f(x2). Since f is one-to-
one, ya#yz. Since Y is T, there exist disjoint open sets U and
Vin Y such that y1eU but y.¢U and y.€V but y1 V. Again
since f is a bijection,

xief (V) but x2ef1(U) and x,ef1(V) but x;f1(V). Since f
is regular*- continuous,

f 1(U) and f-1(V) are disjoint regular*-open sets in X. This
shows that, X is r*-T,.

(vi) Suppose f: X 7Y is a regular*-irresolute bijection and Y
iS r*-To. Let xq,

Xpe X with xa#x». Let y1=f(x1) and y.=f(x2). Since f is one-to-
one, yi£y2. Since Y is

r*-T,., there exist disjoint regular*-open sets U and V in Y
such that y:eU but y.¢U and y2€V but y1 V. Again since f is
a bijection, xief Y(U) but xo2f-2(U) and x.ef-1(V) but x;ef~
Y(V). Since f is regular*- irresolute,

f -1(U) and f-1(V) are disjoint regular*-open sets in X. Hence,
Xis r*-Ty.
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(v) Suppose f : XY is a strongly regular*-irresolute
bijection and Y is r*-T,.. Let X1, XoeX with x;#x,. Let
y1=f(x1) and y,=f(xz). Since f is one-to-one, yi#y,. Since Y is
r*-T,., there exist disjoint regular*-open sets U and V in Y
such that y;eU but y,¢U and y.€V but y1¢V. Again since f is
a bijection, x;ef 1(U) but x2¢f1(U) and x.ef~1(V) but x;ef~
Y(V). Since f is strongly regular*-irresolute, f }(U) and (V)
are disjoint open sets in X. Hence, X is T1.
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