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Abstract- Hyperlattices are the most developing area in the
Lattice Theory. In this paper we introduce notion of Fuzzy
Theory in meet hyperlattices and also we investigate the
properties of Homomorphism of Fuzzy meet hyperlattices.
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I. INTRODUCTION

Lattices, especially Boolean algebras, arise naturally
in logic, and thus, some of the elementary theory of lattices
had been worked out earlier. Nonetheless, there is the
connection between modern algebra and lattice theory.
Lattices are partially ordered sets in which least upper bounds
and greatest lower bounds of any two elements exist.
Dedekind discovered that this property may be axiomatized by
identities. In this paper, we introduce the concept of complete
meet hyperlattices, weak homomorphisms in meet hyperlattice
and we investigate their properties.

1. PRELIMINARIES

In this section we see some of the basic definitions
and conditions, which we use in this paper.

Definition 1.1:

An Algebra (L, V") is called a Lattice[4], if L is a
non-empty set, * and ¥ are binary operations on L, then both
Yand " are

1) ldempotent

2) Commutative, and

3) Associative, and they satisfy the
4) Absorption law.

Proposition 1.2:

Let L be a non-empty set with two binary operations

MNand". Let a, b, ¢ € L, then the following conditions are
satisfied:

1) a*azaandava=a
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2) a*b=bMaanda¥b=bVa
3) (@"b)"c=alr("c)and@¥b)¥c=a¥ (b¥c)
4) (@’b)¥a=aand(@¥b)Ma=a

Then, (L,Y,"") is a Lattice.
Definition 1.3:

Let L be a non-empty set with two hyper
operations”™and". The triplet (L,", /) is called as hyperlattice
if the following identities holds for all a, b, ¢ € L.

1) a®aaanda€ava

2) a*b=bMaanda¥b=bVa

3) @*b)*c=ar(b"c)and@¥hb)¥c=a¥(b"c)
4) aa@YbyandaSa" (a’b)

Definition 1.4:

Let (L, Ve, M) and (b2, V2, A2) be two hyperlattices.
Amap f: (52 — L2) is said to be a

1) weak homomorphism if f (a "+ b) = f(a) "z f(b) and f(a
Vi b) & f(a) Yz f(b)

foralla, b € L.

2) Homomorphism if f (a 1 b) = f(a) "z f(b) and f(a ¥+ b) =
f(a) ¥z f(b)

foralla, b € L1,

If such a homomorphism f is surjective, then f is called an
epimorphism.

If the homomorphism f is injective, then f is called a
monomorphism

If f is bijective, then fis called as isomorphism from (51, Vi,
A1) to the hyperlattice (L2, vz, M2).

Note 1.5:
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Let L be a non-empty set and F*(L) be the set of all
non-zero fuzzy subset of L. A map “ is called as a fuzzy hyper

operation on L defined by ® : L x L = F*(L), where any pair
(a, b) of elements of L x L is associated with a non-zero fuzzy

subset a ° b.

If a and b are two non-zero fuzzy subsets of a hyper
groupoid (L, ®) for all x, y = L, then we define

1) (x"a)(y) =" {(x" 0@ Ta®) }, @°
x)(y)
= SuPr=fat) " (t° X))}

2) (a®b)(x)= “4Pe= {a(p) " (p° q) (y) " b(a)}
Remark 1.6:

If A is a non-empty subset of L, then we denote the
characteristic function of A byXa, where for all y = L, we have

In particular, for all x, y = L, if A = {x}, then we denote
X1=(y) = Xe(y), which means that

Definition 1.7:

Let L be a non-empty set with two hyper operation ¥
and™. The Triplet (L,¥,"") is called a fuzzy hyperlattice[1], if
the following identities holds for all a, b,c E L.

1) (@¥a)(a>0and(a™a)a)>0

2) a¥b=bYaanda*b=b"a

3) @¥b)¥c=a¥(®¥c)and (@™ b)"c=a(b"c)
4) @¥(@"b)(@>0and@" @"h)) () >0.
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Il. RELATION BETWEEN FUZZY MEET
HYPERLATTICE AND MEET HYPERLATTICE

In this chapter, we investigate the relation between
fuzzy meet hyperlattice and meethyperlattice [2]. We derive
prove some of the theorems on them.

Definition 2.1:
Let L be a non-empty set,V: L x L — F*(L),be a

fuzzy hyper operation and : L x L~ L be a operation.

Then, (L,V," ") is a fuzzy meet hyperlattice if for all x, y, z €
L the following conditions holds:

1) xVx)(x)>0and(x” "x)(x)>o0

2) xVy=yVxandx’ ‘y=y"x

AN _ A

3) (XVY)VFXV(YVZ)and(th) z=x" " (y

A

A\ A

4) (xV(x y) (x)>0and (x* " (x ¥y)) (x) > 0.

Example 2.2:

Let (L, M) be a lattice. If we define the fuzzy hyper
operationon L forall x,y € L,

x Vy = X1xy7 and the operation

x Ny = Xenp then (L,V,
hyperlattice.

) is a fuzzy meet

Proof:

1) Itisclear that

(x¥x) (x)>0and (x © *x) (x)>0 and

A\

2) xVy=yVxandx" "y=y" "x [sincex,y € L]
3) Fuzzy associative laws have to be proved, for all x, y, z, a
EL

((xVy) V2) (@) = s#Pe=z{(x Vy) () " (tV2) ()}
= Suprer { X3 (1) 7 (tV2) (@)}
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=(xV2) @ " (yV2) (a)
=Xizzy (a) Y Xir ()
=Xy @
and
xV(yVz) (a) = s#Pe={(x V1) (@) " (v V2) (1)}
= SuPrar{(x V1) (a) " i (1)}
=(xVy) @ Y (xV2) (a)
=Xrzy (a) Y Xz (a)
=Xy @
Hence (x Vy) Vz = x V(y V2).

Similarly, (x A y) A z=X A (y A z) can be proved.

4) Fuzzy absorption law:

forallx,y,z5Landa®L,

A\ A

y)) (x) =S {(x V) () M (x © Vy) ()}
= Supee {(x V) (x) M Xezron ()}
=(xV(xMy)) (x
= X[xxnp x)=1>0

(x ¥(x

X A Jm‘t) ) M (xVy) (0}

A

= FUPrer{(x

A

(x " T (xVy)) (x) = SHPrez{(x

0 () "X ()}

A

=" Y Ty

>(x h xX) (x) >0
The proof is complete.

Example 2.3:

Let (L, M,Y) be a lattice. If we define the fuzzy hyper
operation Yon L forall x,y €L, as

x Vy = 1=y and the operation /* is defined as for all a € L,

[ {%ha=&xny)

1 0, otherwiss

Far e A =
WEAKIE) =

Then (L,V, %) is a fuzzy meet hyperlattice.
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Example 2.4:
Let (L,",Y) be a lattice. If we define the fuzzy hyper
operation ¥on L forall x,y € L, as

x Vy = Xixuyy and the operation * " is defined as forall a € L,

aha=Eny)

s =
EANTIE =

0, otherwise

Then (L, ¥," %) is a fuzzy meet hyperlattice.

Definition 2.5:
Let L be a non-empty set,V: L x L — F* (L) be a

hyper operation and : L x L —»L be an operation. Then

(LY, © Y is a meethyperlattice[3] if for all x, y, z € L. The
following conditions are satisfied:

A

1) x€x¥xandx=x" "x

Jf"‘y=y’f"‘><

2) xVy=yVxandx

3) x"-’r(sz)=(x"-’ry)1'-’rzandxA(y

A

y)© 'z

A\

4) x€x (va)'n'xv(xhy)

A\

On considering a fuzzy meet hyperlattice (L,", ) and

defining the hyper operations on L for all x, y € L,
x®y=(a€L|(xVy)(@)>0}and

A

x & y={a€ L | (x y) (a) > 0}, then we obtain a

hyperlattice.

Theorem 2.6:

If (LY, " is a fuzzy meet hyperlattice, then (L, @,

) is a meet hyperlattice, which is called the associated meet
hyperlattice.
Proof:

1) clearly,x€x®xandx€x$X
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2) x®y:y®xandx$y:y$x
3) Associative laws:

We claimthatx @ (y @ 2) =(x @ y) @ z, forallx,y,z€ L,
then foralla € L,

ifa€x®(y®z),

then there exists b € y & 7, such that a € x & b which gives
(y¥z)(b)y>0and (x V' b)>0

Hence, x V (y V 2) (a) = *¥Pr=c{(x V1) (a) " (y V2) ()}
>(xVb) (@ " (yV2) (0) >0

Since x V' (y V' 2) = (x V'y) Vz, it follows that ((x V' y) Vz) (a)
>0

which implies that
suPrer{(x Vy) (t) " (tV2) (@)} > 0
Hence there is t” € L, such that
xYy)()>0and (" V 2) (a) > 0.
This shows that t” € x & yanda€t’ @ 7.
Therefore, we get a € (x ® y) @z
Hence, x @ (y @ 2) S(x @ y) & 2.
Conversely, (x @ y) @ zEx @ (y @ 2),
So, we arrive at the equality,
xByPz2)=xDy) Dz,
Similarly, we can show that,
xByB)=xBy) Pz,

4) Absorption Law:

x vV (x A y)) () = SHPen{(x V) () M (x
then there exists t” € L such that,

(xVy) (t) >0 and (x Yt") (x) > 0 which shows that there
exists t’” € x B Y,

such that x € x & ¢’.

Therefore, x € x lE‘(X D y).

Similarly, we get x € x $(X @ y).

Combining 1), 2), 3) and 4) we have that (L, @, $) is a meet
hyperlattice.

A y) 0} >0,

Remark 2.7:

Now, on considering a meet hyperlattice (L, @,
$),and defining the hyperoperation on L:
forallx,y€L,

Page | 291

ISSN [ONLINE]: 2395-1052

X 1'n-"ry =Xx@y

A\

X y =Xx@y, then we obtain a fuzzy meet
hyperlattice.

Theorem?2.8:

A

If (L,®, $), is a meet hyperlattice, then (L, V, " %) is
a fuzzy meethyperlattice, which is called the associated fuzzy
meet hyperlattice.

Proof:

1) (xV¥x)(x) >0and (x* * x)(x) >0 is clear and

2) xVy=yVYxand xAy:yAxalso holds

3) Fuzzy associative law:

For all x,y, z, a € L, we have

((x Vy) V2) (a)==#Pr=r{(x Vy) () " (tV2) ()}
= FUPrer { Xemy ®
N Xrzz (a)}
= 1,if a€(x®{/)®z
0, otherwise
Then,

(XV(yVz) (a) ="Pe={(x V1) () " (y V2) (1)}
= Stprer { Xx@r
() " ¥rec (0}
= 1,if a€(x®{y)®z
0, otherwise
We get,

xVy) Yz=xV(y V) [since, x® ly @ z) = (x
®y) 87
Similarly, we can prove that

o\ =x Ny Ny
4) Fuzzy Absorption law,

A

Forall x, y € L we have, (x Y(x* "y)) (x) = SUPrer {(x V1)

A y)(©}

() M (x
= SuPrer { Xx@r (X)
Nxer (9}
=KX= (=E¥1(X)
=1>0
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Hence the proof is completed.

From the above two theorems we have the following
facts.

Denote the class of all fuzzy meet hyperlattice by fuzzy meet
hyper lattice and the class of all meet hyperlattice by meet
hyper lattice. We can form two maps

A\

1) 0:FJHL — JHL, 6 (L, ¥, © %) = (L, @, &), where for any

X,y € L, we have
x@y=fa€L|(x Vy) (a)>0}and

A

2) ™ JHL — FJHL, 7((L, @, ) = (L, V, © ), where for any

X,y € L, we have
(x Vy) = ¥rz221 and (x Vy) = ¥1x=m

I11. HOMOMORPHISM OF FUZZY MEET
HYPERLATTICE AND MEET HYPERLATTICE

In this section we introduce the notion of
homomorphism of fuzzy meet hyperlattices and we study the
connections between meet hyperlattices homomorphism and
meet hyperlattice homomorphism.

Definition 3.1:

Let (51, Vi, Al) and (L:, Vi, A:) be two fuzzy
meet hyperlattices. A map f: (£+ — L2) is said to be

1) Weak homomorphism if f (x Vi y) E f(x)"'“':, f(y) and
f(xni y) = f(a)h: f(b) forall x, y £ Ly,

2) Homomorphism if f (x V¢ y) = f(x)¥2 f(y) and f(x ‘A‘iy)
= f(a)h: f(b)

forall x,y € L1,

If such a homomorphism is said to be surjective,
injective or bijective then the mapping f is called as
epimorphism, monomorphism or isomorphism from the meet

hyperlattice (51,"“'1,/\1) to the meet hyperlattice (L:, Va,
A:) respectively.
Theorem 3.2:

Let (L1Vs, M) and (L2V272) be two fuzzy meet
hyperlattices and

Page | 292

ISSN [ONLINE]: 2395-1052

(L@, By = 0 (Ve M) and (L2®2B2) = 0
((E2V2/2)) be their associated meet hyperlattices

respectively. If f: L2—L2 is a weak homomorphism of fuzzy
meethyperlattices, then f is a weak homomorphism of the
associated meethyperlattices, too.

Proof:

Since f: L1z js a weak homomorphism of fuzzy meet
hyperlattices, we have

f (xV1y) € f(x)Vzf(y)and f(x"'1y) )< f(x)"2f(y) for all x,yelz.
This shows that
(F<V23)(b) < (F)V2A(y)) (b) and
(F(x"1y))(b) < (fx)"2f(y))(b)  for all bekz,
Let acx®1y, which means that (X1""r1y ((a)>0 and let b = f(a)
Then, (f(xV2y)) (b) = suptC xVay) (t) £ (t) = b, t L2}
>(xV1y)(a) >0
It shows that (f(x)““': f(y)(b)>0.
Henceb=1f(a) ¢ f(x)®: f(y).
Therefore we get, f(x @1 y) c f(x) @2 f(y).
Similarly, we can show that
f(x P1 y) < f(x) Baf(y).
Therefore, f is a weak homomorphism between the associated
meet hyperlattices (51@1, $1) and (L:,‘E‘:, $:).

IV. CONCLUSION

Hence, we have successfully introduced the fuzzy
meet hyperlattice. And we investigated some of their
properties.
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