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Abstract- An exact solution to the deflection of unsymmetrical
laminated plates is developed for a variety of boundary
conditions. The procedure, based on a generalized Levy type
solution considered in conjunction with the state space
concept, is applicable to rectangular plates with two opposite
edges simply supported and the remaining ones subjected to a
combination of clamped, simply supported boundary
conditions. The solutions are obtained for the first order shear
deformation theory, Numerical results are presented for
rectangular plates with different edge conditions, aspect
ratios, and loadings.

I. INTRODUCTION

Laminated composite plates are becoming
increasingly used in the aeronautical and aerospace industry as
well as in other fields of modern technology. The accurate
knowledge of deflection is an essential element in their design.
In addition to the need for improved methods of analysis, there
is an interest in the development of consistent shear
deformation theories for these structures. A special case of
unsymmetric laminates those which have an even number of
orthotropic layers with principal material directions alternating

at°t0%° to the laminate axes. Such laminates are called
unsymmetric cross ply laminates.

In the this paper we present the levy type solution for
deflection of unsymmetric cross ply laminates the levy type
solution involves choosing a solution form that satisfies the
simply supported boundary conditions on two parallel edges
of a rectangular laminate, and then the partial differential
equations of equilibrium are reduced to ordinary differential
equations are then solved using the state-space approach,
cross-ply plate strips under sinusoidal loading. One of the
goals of this paper is the employment of a powerful analytical
technique based on the state space concept allowing one to
obtain exact Levy type solutions associated with the case of
unsymmetric angle-ply and cross-ply laminated plates. This
technique was used in a series of papers. Khdeir (1988,1989)
developed an exact approach to the elastic state of stress and
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the free vibration of shear deformable unsymmetric angle-ply
and cross-ply laminated plates, respectively. In the first-order
shear deformation theory (FSDT), a constant state of
transverse shear stresses is accounted for, an often the
transverse normal stresses is neglected. The FSDT allow the
computation of interlaminar shear stresses through constitutive
which is quite simpler then deriving them though equilibrium
equations. Comparisons with available exact solutions
(obtained for simply supported edge conditions) are made, and
appropriate conclusions concerning the various effects are
formulated.

Il. GOVERNING EQUATIONS

The displacement model for unsymmetric laminate is given as
follows:-

u(p,q,r)=u,(p,a)+26p(p.q)
v(p,q.r)=ve(p,q9)+26q(p,q)

w(p,q,r)=w,(p,q)

Where  ( uo’VO’WO) are the displacement

components in the direction of p ,q ,r respectively of a point
on the mid-plane (i.e., r=0)

Equations of equilibrium

www.ijsart.com



IJSART - Volume 4 Issue 5 - MAY 2018

N, oN

Suy; L+ =0
op aq
ON ON

SV, 1+ —B=0
aq op
0 0

SWy; &+&+ P"=0
op aq
oM oM

50,; LIS M_Q,=0
op oq
oM oM

50,; 14 M_Q,=0
aq op

For the static case, the governing equations
appropriate for the displacement field and unsymmetric cross-
ply laminate construction are given by

[Cl{a}={F}

where the coefficients Con for the first-order theory (FSDT),
are listed below.

[C]= stress resultants
{a}= deflections

{F } - loadings

Where {A}T - {UO’VO’W°’¢"’¢“}

{F} =1{0,0,q,0,0}

And the coefficients are defined as Cmn = Con

Cu = Alds +%d§; ClZ = (ALZ + Abe)d pdq; C13 =0

ClA = Buds + Besdqz; C15 = (Blz + Bﬁﬁ)dpdq; C23 =0;

sz = %d; + Azquz; Czs = Bzqu2 + Besds; Cz4 :Cls’

Cyy =—KALd?-KAdS; G =—KALd,; Cy =—KALd,;

Cy =—KA; +D,d; +Dydg; Cy=(Dy, + D), d;
Cys =—KA, + D, d3 +Dgd2;

I1l. THE LEVY-TYPE SOLUTION

A generalized Levy-type solution, in conjunction
with the state space concept is used to analyze the bending
problem of unsymmetric cross-ply laminated rectangular
plates. The Levy type solution can be developed for
rectangular laminates with the following boundary conditions:
The edges q= 0, b are simply supported, while the remaining
ones (p = +a/2) may have arbitrary combinations of clamped,
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and simply supported edge conditions (see Fig. 1). The
generalized displacements may be expressed as products of
undetermined functions and known trigonometric functions so
as to identically satisfy the simply supported boundary
conditionsatq =0, b:

'
I

Fig. 1

i

Plate coordinate system

For this case one may be able to develop the Levy-
type solutions for the unsymmetric cross-ply lamination
scheme (see [18]). A uniformly distribution of the transverse
load is considered, which for the present case takes the form

a(p.a)=73 q,sin 22
The displacement field is represented as
uo(p.a) U,(p)sin Bq
Vo (P, Q) . | Vn(p)cos Bq
Wo(p,g)p =2 1W, (p)sin Bq
$,(p.a)| "7 P,(p)sin Bq
¢,(p.q) Q. (p)cosfq
g ="
Where b m=1for all numerical problems

the displacement fields are substituting in stress resultants
then we obtained second order partial differential equations

U,=XU_+X,V, +X,Wan+ X,P, +X,0Q,

m

Vin= XU+ XV + X W, +X,Pn+ X,,Q,

W = X, W, + X, Pn+ X,;,Q, —Q%Ass

Pm = XU, + X15V‘m+ X15W m+ X, Py + XlEQm

Qm = X19U‘m+ X oV + X21Wm+X22pm+ X23Qm

By solving the equilibrium equations we obtained the
following co-efficients.
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Xl:ﬂz(Aﬁss*Blzl%s); X,
(Aan - Bn)

ML X

(Aan* Bu)

ﬂ[ﬁl(Dlz+Dss)’Bn(Blz*Bss)].

A (BD+ KA )~ BBB
- (Ap-B)
BLAs (B +By )+ By (A + A )]
(A.D.-B})
x B (AdBy—Bohy).

4

Xs: 2 6 — 2
(Aan*Bn) (Bssf&sts)
w _PlBu(BatBio) tAc(Do+D)]  PKAA,
! (Bsszs*&sts) ’ ’ (Bszsf&sts)’
o _Bo(FDatKA)-F'BD, (B, +By)+(D,+Dy).
’ ( Bés - %e Dss ) ’ v ( Bszs - &s Dss) ’
Xn:ﬂAM; Xp=-1 Xm:&;
As As
X :ﬂl:Dn(Blz+Bss)’Bu(Dlz*Dss)], :ﬂanDss’Bu(ﬁzDss+KA~’5).

14 15

(A.D,-BY) (AD,~Bf)
X o —-KB, Aq : X :ﬂ[Dll(Az+&6)7Bll(BlZ+BSS):|;
© (AL -B) i (AD,;-BY)
_P*(AD,-BiBy). _ B'BuBy — Ay (B°Dy +KA,)
(AADM - Blzl) ’ (Bszs - &sts) ’
BOn(AtAs)+Bo(Be+Be)| _ pKAB,

(Bszs*%sts) # (Bszs*%sts)’
B (ByBys +A,Dsq) ﬂI:ABS(Bm*Bss)*Bss(AerABS)]

2= ’ Xp= '

( Bszs - &s Dss) ( B:a - %e Dss )

Xlg

18

X, =

20

[A],[B],[D] and [E] matrix for unsymmetric cross-ply
laminates as given below

All AlZ O QiiH 1 QlZ H 2 O
AiZ AZZ O QiZHi QZZHi O
L AGG O O Q44H1
[B,, 0 0 Q,,H, 0 0
0 -B,, 0= 0 -Q,H, O
| 0 0 0 0 0 0
_Dll DlZ O Q11H3 Q12H3 O
DiZ DZZ O Q12H3 Q22H3 O
L O O DSG O 0 Q44H3
K[AM 0}_K[Q56H1 0 }
O A55 O Q55H1

The second order differential equations are converted into
single order

S,=U,,5,=Un,S,=V,,5,=Vn,S, =W

m? m

Ss:Wm,S7 = Pmlsg: pmlsg :leslo:Qm

using state space approach the equation may be converted to
the form

S =TS +1
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Where matrix T is the 10*10 matrix is given as fallows

0o 1. 0 0 0 0 0 0 0 O
X, 0 0 X, 0 X, X, 0 0 X
0 0 0 1 0 0 0 0 0 O
0 X, X, 0 X, 0 0 X, X, O
m)- 0o 0 0 0 0 1 0 0 0 O
0 0 0 0 X, 0 0 X, X, 0
0 0 0 0 0 0 0 1 0 O
X14 0 0 X15 0 X16 X17 0 0 X18
0o 0 0 0 0 0 0 0 0 1
L 0 X19 XZO 0 XZl 0 0 XZZ XZS 0 i

| is load vector defined as fallows

{I}=10,0,0,0,0,-q, /KA,0,0,0,0}

20 .m
a0 (p) = =[a(p,q)sin T dg
0

p
| e‘”ldg}

S =e' { K +
The solution of S is "

Finally the deflection can determined by the using

p=t37

For simply supported and clamped the boundary
conditions as given below the boundary conditions at the

=+4
edges are " _A

boundary condition on edges

IV.NUMERICAL EXAMPLE

Numerical results for various composite plates are
presented with different cross-ply lamination schemes under
various boundary conditions on two opposite sides while the
edges q= (0, b) are simply supported.

It was assumed that the thickness and the material
for all the laminate are the same, having the following
characteristics:-

E, = 25E,,G,, =G,, = 0.5E,,G,, = 0.2E,,v,, = 0.25

The shear correction co-efficient for the first-order
theory is taken to be K=5/6. The notations CC, for example,
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refers to the boundary conditions used on the edges

- a
== A ,while the order two edges (i.e., g=0,b) are simply
supported.

Figure 2 contain plots of deflection versus side-to-
side thickness ratio b/h of two layers and ten layers
unsymmetric (0/90/...... Jeven cross-ply laminates (a=b/2)
with various boundary conditions. the material properties used
are as above .figure 3 contain plot of deflection versus

E: /B2 for the same load b/h=10 and a=b/2.

The following table contains nondimensionalized

center deflection (W ) of unsymmetric cross-ply plates with
various boundary conditions.

Method
5 Exact 1758 1257
Matlah 1758 1253
2 FSDT
Exact 1237 0656
10 Matzh 1237 06584

5 Exact 1137 0.945
Matlab 1137 0.93
10 FSDT
Exact 0615 0385
10 Matab 0615 03382

z |

wrs %

bh
Figure 2: Nondimensionalized center transverse deflection

(W) versus side-to-side thickness ratio b/h for unsymmetric
cross-ply laminates.

V. SUMMARY

Analytical solutions for deflections of unsymmetric
rectangular cross-ply laminates with various boundary
conditions are presented based on the first-order shear

Page | 1062

ISSN [ONLINE]: 2395-1052

deformation laminate theory. The levy solutions with the
states space approach were developed for unsymmetric
rectangular cross-ply laminates when two opposite edges are
simply supported and other two edges having a variety of
boundary conditions of choice.
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