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1. INTRODUCTION

Graph coloring dates back to 1852, when Francis
Guthrie come up with the four color conjecture. Gary
Chartrand and Ping Zhang [3] discussed various colorings of
graph and its properties in their book entitled Chromatic
Graph Theory. A graph coloring is the assignment of a color
to each of the vertices or edges or both in such a way that no
two adjacent vertices and incident edges share the same color.
Graph coloring has been applied to many real world problems
like  scheduling, allocation, telecommunications and
bioinformatics, etc.

The concept of fuzzy sets and fuzzy relations were
introduced by L.A.Zadehin 1965 [15]. A. Rosenfeld who
considered fuzzy relations on fuzzy sets and developed the
theory of fuzzy graphs in 1975 [10]. The concept of chromatic
number of fuzzy graph was introduced by Munoz et.al. in
2004 [14]. C. Eslahchi and B.N. Onagh introduced fuzzy
graph coloring of fuzzy graph in 2006 [2]. S. Lavanya and R.
Sattanathan discussed total fuzzy coloring in 2009 [7]. Anjaly
Kishore and M.S. Sunitha discussed chromatic number of
fuzzy graph in 2013 [1]. R. Jahir Hussain and K.S.
KanzulFathimaconferred fuzzy coloring of fuzzy graph, using
strong arcs and dominator coloring of fuzzy graph in 2015 [4,
5, 6].A. NagoorGani and
B.FathimaKani deliberated Fuzzy vertex order colouring in
2016 [9].

R. Seethalakshmi and R.B.Gnanajothi introduced
Anti-fuzzy graph in 2016 [11] and discussed various
properties in 2017 [12, 13].R.Muthuraj and A.Sasireka
discussed anti- fuzzy graphs in 2017 [8]. In this paper the
attempt has been made to focus the anti-fuzzy graph (AFG),
strong anti-fuzzy graph and complete anti-fuzzy graph. In
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addition to the above graphs, it is also proposed to define the
vertex coloring, edge coloring and total coloring of anti-fuzzy
graphs interms of a family of anti-fuzzy sets satisfying certain
conditions and the chromatic number is the least value of k
such that k-coloring exists.

1. PRELIMINARIES
2.1. Definition(L.A.Zadeh [15])

Let X be a non-empty set. Then a fuzzy set A in X (i.e, a
fuzzy subset A of X) is characterized by a function of the form
ta: X = [0,1], gych a function Ha is called the membership
function and for each * € X.Ha (x) is the degree of
membership of  (membership grade of ) in the fuzzy set A.

A= {(x,1y(x))/ x € X}

In otherwords, where

X — [0,1].
2.2. Definition(A. Rosenfeld [10])

A fuzzy graph © = (.1) s a pair of functions
o:V = [0,1jng wVXV=[0,1] \where for all

U, v €V e have #(1 ¥) = o(u)na(v),
2.3. Definition(R.Seethalakshmi et.al [11])

Ananti-fuzzy graph (AFG)G = (0.1 is a pair of
functions @3V = [0, 1]ang w:V X V = [0,1] \yhere for
agu.v € I{ we have #(w.v) = a(u) Vo(v)

2 4. Definition (Munoz et.al. [14])

if G=V.i) is such a fuzzy graph where
V={123,..1) sndHisa fuzzy number on the set of all
subsets of VXV assume [=AUL0}  here
A={a; < ay << ] is the fundamental set (level
set) of G. For each & € LGy denote the crisp  graph
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Ge = (V. Eg) where
E,={i)/1<i<j<nu(ij) =a} and
Xz = x(Ga) denote the chromatic number of crisp graph
G- By this definition the chromatic number of the fuzzy
graph G is the fuzzy number x(6) = {[i’”(inﬁ = X}
where v(i) = max{a € /i € A }
Az = {1 s X,

and

2.5. Definition (Eslahchi and Onagh [2])

A family I = e ¥id of fuzzy sets on V is

called a k-fuzzy coloring of
6=(V,00

a) v I'=ag,

o) % =0

¢) For every stong edge *¥ of C, min

@y (Mi=01<i=k)

2.6. Definition (S. Lavanya and R. Sattanathan [7])

A family I = s s Vicd of fuzzy sets on ¥ Y £ s called
a k-fuzzy total coloring of

G=(V.o.u)if
) My =0 o a
max;y; (uv) = p(uv) for 211 edge UV € E
b) i AY =0,

v eV and

c) For vertices W:¥  of min

: (W, % (¥)1 =0 304 for every incident edges

. N y
¥; [vj,vk) [/ v;, v, are set of incident )

every adjacent

edges from the vertex v, :>

jlzlr-"rlpl A
2.7.Definition(R.Seethalakshmi et.al [12])

min

Ananti-fuzzy graph, & = (@ iis said to be strong
anti-fuzzy graph if

.u(vt-v}-] = max[a(vi],a(v}-]l for all (E?t-,i?}-) EE.
2.8. Definition(R.Seethalakshmi et.al [12])

Ananti-fuzzy graph, & = (0. 1)is said to be
complete anti-fuzzy graph if

plvv;) = max[ﬂ'(iﬁi],ﬂ'(iﬁ}-jlforevery v, v; EV.
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11. ANTI-FUZZY GRAPH COLORING

3.1. Definition

1. The arc (W) jn anti-fuzzy graph G s said to be a
strong arc if
B, v )i greater than or equal to the strength of
connectedness between Yand ¥,

2. Two vertices ¥ and ¥ in anti-fuzzy graph G are called
adjacent if (w.v) i strong arc in &

adjacent.

3. If two distinct edges (1w, %) ang (¥2W) in anti-fuzzy

otherwise weakly

graph G are incident with a common vertex ¥ then they
are called incident edges.

3.2. Definition (Vertex coloring)

A family € = {€1s s 6} of anti-fuzzy sets on a set V is

called a k-vertex coloring of
G=(V,o.u) i

Qi V& (x) = o(x) foran* €V

(ii) c; he; = 0

(iii) For every stong edge XY of O,

min{ci[cr[x]),ci [a’[}r])} = l]7
(1=i=k)
The least value of k for which the C has a k-vertex coloring
denoted by X(Gj, is called the chromatic number of the anti-
fuzzy graph G,

3.3. Example (Anti-fuzzy graph vertex coloring)

Consider the anti-fuzzy graph & = (CADIN figure 3.1, with
four vertices and five edges.
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Figure 3.1

Let C = {encac3lpea family of anti-fuzzy sets defined on
v
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Let € = {cn €2l pe a family of anti-fuzzy sets defined on V
as follows

(03), i=1 (04), i=2
qlu)=4 06), i=3 cllu)=4 (07), i=4
(0), otherwise (0), otherwise

Hence the family C={cpca} satisfies our
definition of vertex coloring of strong anti- fuzzy graph. We
find that any family of anti-fuzzy sets having less than two
members could not satisfy our definition. Hence in this case

the chromatic number x(@) is 2.

3.5. Example (complete anti-fuzzy graph vertex coloring)

Consider the complete anti-fuzzy graph & = (o, 1) in figure

as follows 3 o i d six ed
. (0.4), ; :.32 with four vertices and six edges.
C(u-}={ (03, =1 colu,)=14 (0.6) i=¢u u
Eh (0, otherwise = ¢ o _ 1 0.3 (0.3} -
(0], otherwis (0.2
(0.5), i=3
csluy) = (0} otherwise 0.5
! (0- (0.4
Hence the family C = {c, c2.63) satisties our
definition of vertex coloring of anti-fuzzy graph. We find that
any family of anti-fuzzy sets having less than three members
could not satisfy our definition. Hence in this case the Ty ({0.5) lg
chromatic number 4(6) is 3. (0.5) (0.4)

3.3. Example (strong anti-fuzzy graph vertex coloring)
34.

Consider the strong anti-fuzzy graph & = (CATN figure
3.2, with four vertices and four edges.

(0.3 (0.4) Uy
» ® 9
(0.7
® L
y (0.77 ts
(0.7) (0.6)

Strong AFG (7

Figure 3.2
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Complete AFG &

Figure 3.3

Let C = {en o363 pea family of anti-fuzzy sets defined

on I”Tas follows

cl,u}_{ (03, i=1 _(uﬁ_'(n,z}l i=2
U (1)) otherwise 2 ¥ [(0), otherwise
cu) = { (0.4), i=3 € (u)= [ (0.5), i=4
CREL ()] otherwise = Y (), otherwise

Hence the family € = {e1: €2, 63,6} satisfies our
definition of vertex coloring of complete anti- fuzzy graph.
We find that any family of anti-fuzzy sets having less than
four members could not satisfy our definition. Hence in this

case the chromatic number x(@) is 4.

3.6. Bound for chromatic number of AFG
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3.6.1. Proposition
For any AFG, the chromatic number & (6)=A(G)+1
where A(G) is the maximum number of edges incident to a

vertex of G.

3.6.2. Proposition

The chromatic number of complete AFG is ™ where ™ is the

number of vertices of G, ie., x(6) = n

(Since A(G) =71 — 1 s the maximum vertex degree of the

complete AFG G, chromatic number & (6) =a(6)+ 1)
Proof

p:(xi-}rjj = max[cr(xij,ﬂ(}?}-] )for

Since every
*uYj € V. Every pair of vertices are adjacent and degree of
each vertex is n—1
By (i) of definition [3.2],

min{c,((x)),c,(¢())} = O for adjacent vertices

*:¥- Since all vertices are adjacent, every member of the
family defining anti-fuzzy graph coloring have value for only

one vertex and (@) for all other vertices. By (ii) of definition
[3.2], cghe =0 S0
Ve (x) =0(x) for an x EVE=12, 1 \yere
n = V] mnys, x(G) = n,

3.7. Definition (Edge coloring)

Afamily € = (€0 s €3] of anti-fuzzy sets on £ is called a
k-edge coloring of & = (V. o, p) i

a V& () = 1 (x¥) for all edge *¥ € E

b) c; Ae; =10

¢) For every incident edges *Y on vertex * € V of G,

mint(e GM)}=0 (1<i<k)

The least value of k for which the C has a k- edge coloring
denoted by x' (Gj, is called the edge chromatic number of the
anti-fuzzy graph G,

3.8. Example (Anti-fuzzy graph edge coloring)

Consider the AFGD = [ﬂr.”], in Example 3.3.
(figure 3.1)
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Let€ = {€1,€2 Cadpea family of anti-fuzzy sets defined on

E as follows
(05), =12 (07), ij=14

o(uw)=1 (09), ij=34 c,(uu)=1 (06), =23
(0), otherwise (0), otherwise
C((08), ij=13

“ [uiu}.) B {[ﬂ], otherwise

Hence the family € = {e1€2.63) satisties our
definition of edge coloring of anti-fuzzy graph. We find that
any family of anti-fuzzy sets having less than three members
could not satisfy our definition. Hence in this case the edge

chromatic number X (G s 3.

3.9. Example (strong anti- fuzzy graph edge coloring)

Consider the strong AFGC = (Ur.ﬂl in Example
3.4. (figure 3.2)

Let € = {c1. 2} pea family of anti-fuzzy sets defined on £
as follows

(04), ij=12

(07), =34 ,(uu) =
(0), otherwise

(07), ij=14
(06), ij=23

(0), otherwise

cl[uiu}-) =

Hence the family C ={ep. 2} satisfies our
definition of edge coloring of strong anti-fuzzy graph. We find
that any family of anti-fuzzy sets having less than two
members could not satisfy our definition. Hence in this case

the edge chromatic number x' (G,

3.10. Example (complete anti-fuzzy graph edge coloring)

Consider the complete AFGE = (o, PJ, in Example
3.5. (figure 3.3)
Let C = {cy.c2.63} pe a family of anti-fuzzy sets defined
E

on ~ as follows
(03), =12 (04), =23
cuy)=1 (05), =34 {uu)=1 (05), =41
(0), otherwise (0), otherwise
(0.4), ij=13
e(u) =1 (05), ij=24
(0), otherwise

Hence the family C ={c1.c2 3} gatisies our
definition of edge coloring of complete anti- fuzzy graph. We
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find that any family of anti-fuzzy sets having less than three
members could not satisfy our definition. Hence in this case

the edge chromatic number x'(G) is 3.
3.11. Bound for edge chromatic number of AFG
3.11.1. Proposition

For any AFG, the edge chromatic  number
¥(G)=a6)+1 where A(G) is the maximum number

of edges incident to a vertexof G

3.11.2. Proposition

The edge chromatic number of complete AFG on ™ vertices is

MitMisoddand ™ ~ Lif s even.
3.12. Definition(Total coloring)

A family € = {€1 s Crd of anti-fuzzy sets on V'Y E js
called a k- total coloring of
G = [Vr CI',j.Ij if
a V& (x) = o(x) for all
Ve (xy) = (x¥) for all edge *¥V € E
b) c; ANe; = l]7

xeV and

c) For XVof G

every strong edge ,
min{e,(o(x)),c(c(x))} = 0 And for every
incident edges *¥ on vertex * € Vof &, min
{:(p GM)}=0(1<izi)

The least value of k for which the & has a k- total coloring

denoted by XT(G), is called the total chromatic number of

the anti- fuzzy graph G

3.13. Example (Anti-fuzzy graph total coloring)

Consider the AFGCG = (Ur.ﬂj, in Example 3.3.
(figure 3.1)

Let € =1c1.C2.€3,65) pe o family of anti-fuzzy sets

defined on ¥ Y E as follows
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, (04), i=2
(03), i=1 ,
)= | L a)=] (8, =4
(0), otherwise (0),  otherwise
[ (05), i=3
ca(u) = {[ﬂ], otherwise
((06), =23 _[(0.8], =13
Cl[uiuj) - {(0], otherwise [uiu}-) “(0),  otherwise
(05), =12
_ (07), =41 _ o
ca[uiu}-)—[(ojJ sthermise cy(ug)={ (09), =34
(0), otherwise

Hence the family € = {€1. €2, €3, €4 Jsatisfies our
definition of total coloring of anti-fuzzy graph. We find that
any family of anti-fuzzy sets having less than four members
could not satisfy our definition. Hence in this case the total

T
chromatic number & (6) is 4.

3.14. Example (strong anti-fuzzy graph total coloring)

Consider the strong AFGE = [cr,,ul in Example
3.4. (figure 3.2)

Let € ={cn 263,65 e o family of anti-fuzzy sets
defined on ¥ Y E as follows

(03), i=1 (04), i=2

o(u)=q (06), =3 c(u)={ (07), i=4

(0), otherwise (0), otherwise
(04), ij=12 (06), ij=23
aluy)=107), G=34c(uy)=1 (07, ij=4
(0),  otherwise (0), otherwise

Hence the family € = {€1. €2, €3, €4 Jsatisfies our
definition of total coloring of strong anti- fuzzy graph. We
find that any family of anti-fuzzy sets having less than four
members could not satisfy our definition. Hence in this case

T
the total chromatic number X (G) is4.

3.15. Example (complete anti-fuzzy graph total coloring)

Consider the completeAFGG = (o, .Hj, in Example
3.5. (figure 3.3)

Let C = (€1, €2,65,€4,65] pe o family of anti-fuzzy sets
defined on ¥ Y E as follows

cyof @3, =1 o [ (02, i=2
) (0},  otherwise (g {lilil], otherwise
R (0),  otherwise i) = (0), otherwise
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_((05), ij=24 _{ (0.4), =13
er(uy) = {(0), otherwise “2(i%) (0), otherwise
([ (05), =41 _{ (0.4) ij=23
ca[uiu}') B {(0], otherwise C“[:ufui)_ (0),  otherwise
(0.3), yj=12
CE[uiu_i") = (ﬂEj, Il’j = 34
(0), otherwise

Hence the family C = {cy, €2, €3.€5,65 7 gatisfies
our definition of total coloring of complete anti-fuzzy graph.
We find that any family of anti-fuzzy sets having less than five
members could not satisfy our definition. Hence in this case

T
the total chromatic number & (Gj is 5.
3.16. Bound for total chromatic number of AFG

3.16.1. Proposition

Any AFG G = (V,E) can be totally colored using at most

A+2 colors. That is, the total chromatic number of AFG

T
rd (Gj = ﬁ[Gj +2 where A is the maximum number of

edges incident from a vertex in G
1VV. CONCLUSION

This paper tried to define the vertex, edge and total
coloring for anti-fuzzy graph, strong anti-fuzzy graph and
complete anti-fuzzy graph with elucidative examples and
achieved the chromatic number as a crisp number. Moreover,
it has also found bounds for that chromatic numbers.
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