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Abstract- We study oscillatory behavior of solutions to a class
of second-order nonlinear neutral differential equations under
the assumptions that allow applications to differential
equations with delayed and advanced arguments. New
theorems do not need several restrictive assumptions required
in related results reported in the literature. Several examples
are provided to show that the results obtained are sharp even
for second-order ordinary differential equations and improve
related contributions to the subject.

1. INTRODUCTION

This paper is concerned with the oscillation of a
class of second-order nonlinear neutral functional differential
equation

nry'
(ro(c®+pOxn®))) + f(Lx(@®)) =0,
@)
Where ¢ = fo > 0. The increasing interest in
problems of the existence of oscillatory solutions to second-
order neutral differential equations is motivated by their

applications in theengineering and natural sciences. We refer
the reader to [1-21] and the references cited therein.

We assume that the following hypotheses are satisfied:

(hy) ¥is a quotient of odd natural numbers, the functions
r, p € C([ty, 00), R), and r(t) > 0;

t) the functions ffagec([tuaoo)sR) and ?'(f)>0;

et 0= i g(0) = oo

@)

I . - - L
(hs) the function /(20 € Cllto, 00) < R IR) - gatisfipg
uf (t,u) >0 (3)

for all “#0 and there exists a positive continuous function
q(t) defined on [0 %) such that

|f (t,u)| = q (@) ul.
4)
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by a solution of (1) we mean the function X defined on

[T, o) Tx > X+ p-xopq

for some ) such that

y
and T((x+p-xo ") are continuously differentiable and *

satisfies (1) for all t = T,. In what follows, we assume that
solutions of (1) exist and can be continued indefinitely to the
right. Recall that a nontrivial solution X of
(1)issaidtobeoscillatoryifitisnotofthesamesigneventually;other
wise, it is called no oscillatory. Equation (1)is termed
oscillatory if all its nontrivial solutions are oscillatory.

Recently, Baculikova and Dzurina [6] Studied oscillation
of a second order natural functional
Differential equation
(rOE®+pOxH®)) +a®x(@®)=0 )

Assuming that the following (5) conditions hold

(H,) r, p,q € C([tg.00),R), r(t) > 0,0 < p(t) < p, < 00,
and 4() > 0;

(H,) g € C'([ty, 00), R)and lim, _, ,g(t) = o0;

(Hy) n e Cl([to,oo),lR), 7'(t) = n, >0, andnpeg=geon.

They established oscillation criteria for (5) through
the comparison with associated first-order delay differential
inequalities in the case where

j r () dt = oo.
to
(6)

Assuming that

I () dt < oo,
fU

(7
Han et al. [9], Li et al. [15], and Sun et al.
[20]obtained oscillation results for (5), one of which we
present below for the convenience of the reader. We use the
notation
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Q(t) :=min{q(t),q(n 1))},
pfr (t) := max [0, p’ (t)} i

Theorem 1 (cf. [ theorem 3.1] and [20,Theorem2.2]). Assume
that conditions (F/1)-(F3) and hold. Suppose also that
g(t) <n(t) <t ang g'(1) > O for all £ = fo- If there exists a
function? € € ([£6,00), (0,00)) gy that

t
timsup | | p(9)Q()

t— 00

(14 22) (9 (pL )
Mo 4p(s) g' (s)
)

1+(P0/’70)J T

r
tim sup [ [(P(s)Q{s)— R

t— 00

then (5) is oscillatory.
Replacing (6) with the condition
(&e)
J r 7 (1) dt = oo,
ty
(10)
Baculikova and dzurina [7] extended results of [6]to a

nonlinear neutral differential equation

(rO (0 p0xc@))) +a®xf @@ =0
(11)

where B and y are quotients of odd natural numbers.

Hasanbulli and Rogovchenko [10] studied a more general
second-order nonlinear neutral delay differential equation
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(rO O+ pOxE-1)) +q(0) flx().x(0 1) =0
(12)

assuming  that 0 < p(t) < Lo(t) <t,0'(t) >0,
and(6)holds. To introduce oscillation results obtained for
(1)by Ere et al. [8], we need the following notation:
D:={(t,s) : t > s> 1¢,},

D, = {(t,s) : t > s = t,},

h_(t,s) := max {0,-h(t,s)},

[99#1 (5) ds

J: r1r(s)ds
(13)

Gt ) =

We s ay t hat a continuous function H:D — [0,00)

belongs (i) H(t,t) =0 for t = to H(t,s) >0

For (t.5) € D;

has a no positive continuous partial derivative 9H/9s  with
respect to the second variable satisfying

9 _ 8'(s) _ h(ts) piy+)
aSH(:‘,:;) H(t,s) 50) = 5(5) (H (t,s))
(14)

For  some he Ly (D,R)
8 € CY([ty,00), (0, 00)).

and for some

Theorem 2 (see [8,Theorem2.2,when | = RD.  Let
condition (10) and (hy)-(hs) hold. Suppose that
0<pt) <Lty < & ang g(t) =t forant = to- I there

exists a function I € 9 such that, for all sufficiently large
T > t,,

lim sup

t—co

H(,T)

X J lé(s)q(S)H(f»S) (1-p(9))

T
(15)
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r(s) (h_(t, )™
(y+ 1)”161‘ (s)

then (1) is oscillatory.

Theorem 3 (see [8,theorem 2,2 case ! = R1)- Let conditions
@0) and (m)-(h) pe satisfied also that O < P(t) <L
’?(t) <t and g(t) st for all tz tO'

functions H1 € © such that for all sufficiently large
T>T,,

if there excite
T* 2 fﬂ

and for some

1
lim sup————
f—)OQPH (t, T)

X L [5(5) 0" (s, T.)H(,5)q(s) (1 - p(g(s)"

(16)

rE ()™ l g
(y+1)"67 (s)

then (1) is oscillatory.
Assuming that

o0 1 |
J‘ Y () dt < oo,
i

(]

1)

Li et al. [16] extended results of [10] to a nonlinear neutral
delay differential equation

(ro(x®+ px-1)))
+q(t) f(x(t),x(a(t) =0,
(18)

Where ¥ = 1 y=1is a ratio of odd natural numbers. Han et
al. [9, Theorems 2.1 and 2.2] established sufficient conditions
for

The oscillation of (1) provided that (17) is satisfied

0<p()< 1 ang

nt)y=t-r<t, p(t) =0, gt)yst-r.
(19)
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Xu and Mange [21] studied (1) under the assumptions that
(17) holds 0 < p(t) < 1, and

!
nt)y=t—-r<t, p =0,
(20)
obtaining sufficient conditions for all solutions of (1)either to

be oscillatory or to satisfy M- () =05 21 Theorem
2.3]. Sacker [17] investigated oscillatory nature of (1)
assuming that (17) is satisfied,

0<p)<1, p ()20, g(t)<n(t)<t,

n (t) 20, 1

And

J"" (L J 9 (1-pW)'¢" ) d“)%ds - oo

T \r(s) Jr

For some T = to, where (22)

0.4 g
o) = [ Y (t)dt. . Lietal. [12] studied oscillation of
(1) under the conditions that (17)holds,
1 and ¥ are strictly increasing p(t) > 1, and
either or

gt)yznt) or g(t)<n(t).

(23)
Li et al. [13] investigated(1) in the case where
(H,;)-(H;) hold ¥ 2 1, ?}'(f) 2 b and g(t) =zt In
particular, sufficient conditions for all solutions of (1) either

to be oscillatory or to satisfy 1M cX(£) =0 \vere obtainde
under the assumpation that (17) holds and

0 < pt) < p1 < L see 13 Theorem
3.8]. Sun et al. [19] established several oscillation results for

(1) assuming that (hs) (F)-(H3),(17), 17y and (23) are
satisfied. The following notation is used in the next theorem:

Q(t) :=min{q (t),q(n (")},
pi (#) := max {0,,0f (t)} ,
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Q1) = J::) r 7 (5) ds.

(24)

Theorem 4 (see [19,Theorem4.1]). .Let conditions (h3),
(H))-(Hs), | and(17) be satisfied. Assume also that ¥ = 1
git) < n(t) < & gng and g'(t) > 0 for a t = fo-
suppose further that there exist functions
p € C([t9,00),(0,00)) gng T € C'([t, 0] R) gep that
()=t 7'(t) >0,

lim sup r 2O (1 + P—O})
ty

t—o00 g "o
' ¥+l
£ (2? (P+ (S)? 5 ds = 00,
(y+1)" (p(s)g' ()
(25)
t [ .y ¥
lim sup J [@7(5):\) (5) - (1 - pi)

t—eo Ji, 2} o

y}u 1 TF (S)

X vy ] ds = co.
(y+1)" () r'/r (z(s))
Then (1) is oscillatory.

Our principal goal in this paper is to analyze the
oscillatory behavior of solutions to (1)in the case
where(17)holds and without assumptions

2. Oscillation Criteria

In what follows, all functional inequalities are tacitly
assumed to hold for all ¢t large enough, unless mentioned
otherwise. We use the notation

zt) =xO)+pB)x(n(),

R(t) := ro r Y (s) ds.
t

(26)

A continuous function & : ¥ = [0,00)

K i

is said to belong to

the class
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i) K(t,t)=0fort > t, and K(t,s) >0 for (t,5) € Dy;

(li) k has a non positive continuous partial derivative K/
with respect to the second variable satisfying

0
ZK(ts) = -C () (K (8 ) 7D
o for some & € Lioc(

(@7)

D, R).

Theorem 5. Let all assumptions of Theorem 2 be satisfied
with condition (10) replaced by (17). Suppose that there exists
Cl ( [rD’ (XJ), (0) 00))

a functions € such that
_om@® L pn™®)
arore T O TP TG

(28)

f there exists a function Kes
T =t

such that, for all sufficiently
large

m(n(g (s))))?

t
limsupI [K(t,S)q(S) (1 -p(9() m(g(s))

t—o0 T

x(m (9(9) )]” e
m(s) (1)
29)

]d5>0,

then (1) is oscillatory.

Proof .Let X() be no oscillatory solution of (1)
without loss of generality we may assume there exits
ar, =z 1,

Such that x(t) > 0, x(1(t)) > 0, and x(g(t) > 0 for all F = f1-

Then 2(t) 2 x(t) >0 for a]| £ = t1+ and by virtue of

(r(z )) < -q®) " (g®) <0,
(30)

' Y
The functions 7(1)(z ()" js strictly decreasing for all
!
t > t;. Hence % (t) does not change sign eventually; that is,

there exists f2 = f1 such that either 2 (t) > 0orz'(f) <0

for all © = T2- We consider each of the two cases separately.

Case 1. Assume first that 2 (1) > O forall £ = L2+ Proceeding
as in the proof of [8,Theorem 2.2,case ! = Rl we obtain a
contradiction to (15).
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IJSART - Volume 4 Issue 4 — APRIL 2018 ISSN [ONLINE]: 2395-1052

Case 2. Assume now that 2’ (1) < 0 forall £ = b2+ for = 12> z(g (1)) - m(g (t))
define a new function @(t) by z(t) — m(t)
» rt)(2' () Differentiating (31)and using(30), we have, for all f = 3>
w(t) = ——
2 (1) , m(n(g )\ (mlg®)y
31) w' (1) < —q(r)(l -p(g®) (g @) ) ( ) )
Then @() < 0 forall ¥ = 2> and it follows from (30) that (37)
r ) (2 () (2'(1)’
1y - 2y
2 (s) < (%) 20 2T (®)
AN\ A\
s>t >t _ m (g (t)) m(t)
Forall * = ' = '2* Integrating (32) fromtto b1 = ¢ = 2.
+1
L & r (2 ®)
1y ! —y— 7
z(Dzsz(t)+r'' () z (I)L T (5)” | —— 0
we
33) (38)
. Hence, by (31)and(38), we conclude that
Passing to the limitas" — > we conclude that y y
z(t) +r1/y (t)zf (t) R (f) >0, w-’ (f) + q(t) (1 _ p(g (f)) m(’? (g (t)))) (m (9‘(1‘)) )
m (g (1)) m(t)
(34)
which implies that | + YT—U}: (t) w(y-r—l),f}f (t) <0
z (t) - 1 (39)

zZ(0) T PMORE®
Forall = t3'MuItipIying (39) By K{(t,s) and integrating

Thus, the resulting inequality from "3 to “?
We obtain
1)) 2 Om@)-z@t)m' (t) ; y
(m(f)) - m? (t) J K {(t,s)q(s) l-P(g(S))M
ts m(g (s))
(36)
m (g (s)) )}’
X d
. zz(t) [ m (t) ' 0] 20, ( m(s) ’
m? (t) LYY (t) R (t) COK (1)
s
K (t, - d
Consequently, there exists a ER) such that, for all * = > = (t t3) @ (t3) ’ .L @(s)ds
x(t)=z(@t) -pW)x(n®) 2z -p1)z(n(t) (40)
m (1 (t))
>z(t)-p(t) z (1) :
P T = J YK (£ ) ™77 () @0 (5) ds
B m (n (1)) »
=({1-p() (@ z(t),

- K(tt) ()= [ $69 K60 () ds

f3
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- r YK (t,5) 17 (s) (—w ()77 ds.
ts

In order to use the inequality

y+1
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then (1) is oscillatory.
Proof. The proof is similar to that of Theorem 5 and hence is
omitted.

Theorem 7. Let conditions (10) and (h)-(h3) pe satisfied,
0=<pt) < 1 nlt) =t Assume that there exists a function

, ) 1 1)y I
T ABYY — ATV < ZRUIIY 50, Az 0, B™EC ([6:00).(0,00) gych that, for all sufficiently large

14 Y
(41)

see Li et al. [16, Lemma 1 (ii)] for details; we let

AV = K (£,5) 177 (5) (~e0 ()T,
(@2)

() T (o)

Iy .
B . (]} + 1)};?:‘“[}""1)

Then, by virtue of (40), we conclude that

Li [K(t,s)q(s) (1 —p(g(s)) W)V

X(m(g(sn)}‘ r©ECHN™ |
— S
m (s) (y+ 1)

(43)
< K(tt;)w(ty),

which contradicts (29). This completes the proof.

Theorem 6. Let all assumptions of Theorem 3 be satisfied
with condition (10) replaced by (17). Suppose further that
there exists a function " € C'([ty,0),(0,00)) guch that
(28) holds. If there exists a function X € such that, for all

sufficiently large © = fo

! y
[0 tg) 280

t—oo JT m(g (5))
y-i-l
_r9E®s) ]d”. 0
(y+1)
(44)
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T, > t,,

L —m (1) <0,
riv (t) J‘T, r~Uv (s)ds
(45)

m(n(0)
m(t)

1-p(t) 0.

If there exists a function H € 9 such that, for all sufficiently

Iarge T =t

lim sup

1 t
t— 00 H(t,T)_[ [5(s)q(>)H(r,s)

T

(oreo )

(46)

) (s ] .
(r+ 1) ()

then (1) is oscillatory.
Proof. Without loss of generality, assume again that (1)

possesses a nonoscillatory solution x(t)
Such that x(®) > 0, x(n(®) > 0, zpq x(g(t) > 0 op

[£1:00) for some 1 = to-

Then the £ = 1> (30) is satisfied and 2(t) = x(£) > 0. jt
follows from (10) that there exists a

T2t gueh that 20 >0 gor an £ =T\ By virtue of
(30), we have

t (r(s)(2' (s))"’)w

2(t)=2(T,)+ J.T‘ T (5 ds
(47)
t
> (1) 2 (1) J 7 (s) ds.
T,
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Since

(z(t} )’ . ZOm@) -z m ()

m (t) m? (1)
z(t) i) -m' ()| <0
= i (t) ?‘]h'(t) J": 1y (s)ds =Y,
(49

We conclude that

x(t) =z () - p@)x(n(1)

>z(t) - p(t)z(n(t))
(49)

m (1 (t))
= (I—P(t)m—(f))Z(t)

=> define a new function (t) by

r(t) (2 )"
zv(t)

Fort=T

u(t) =6t

(50)
Then () >0 for all £ = T.: and the rest of the

proof is similar to that of [8,Theorem2.2,case I = R]. This
completes the proof.

Theorem 8. Let conditions (10) and (1)-(hs) pe satisfied.
Suppose also that 0 = p(t) < L #(t) = t, g(t) < t,

a1
And there exists a function /7 € C ([f5:0),(0,09)) gch that

(45) holds for all sufficiently large T. 2 to |f there exists a
function H € 9 such that, for some T > T\,

li?li‘ip HeT) I; lc? (5)0" (s, T.) q (s) H (t,5)
],-'
(rroo =)

(51)
r(s) (h_(t, )"
(y+ 1) 67 (s)

then (1) is oscillatory.
Proof. The proof runs as in Theorem 7 and [8,Theorem2.2,

case 1 = R] and thus is omitted

} ds = co,

Theorem 9. Let all assumptions of Theorem 7 be satisfied
with condition (10) replaced by (17). Suppose that there exist
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-1
afunction K €% and a function ¢ € € ([tp,0), (0, 00))

such that

¢ (t)
A7 (O R (1)
(52)
and, for all sufficiently large T = to.

lim supj [K(t, $)q(s)(1-p(g()))"

t— 0o T

+¢ (t) <0,

><( ¢(9(5)) )*’ _r©EEs)™
¢ (s) (y+1)""
(59)

]ds>0.

Then (1) is oscillatory.

Proof. Without loss of generality, assume as above that (1)
possesses a nonoscillatory solution x(t) syuch that x(t) > 0,

x(n(t)) > 0, 44 x(g()) > 0 5 [£1500) for some

ty 2 Lo then for all £ 2 1o (30) is satisfied and

y

z(t) 2 x(t) > 0. Therefore, the function T(1)(Z' (1) s

strictly decreasing for all bzt
f

T, = t; such that either Z (1) >0 or 2'(t) <0 for all

t2T,. Asin the proof of Theorem 7, < we obtain a

and so there exists

contradiction with (46). Assume now that Z (£) < 0 for
allt2T.. for t 2 T define w(t) By virtue of () = -

x()=z®)-p®)x(n)
>z -pM)z(n())
(54)
>(1-p(1)z(t).

The rest of the proof is similar to that of Theorem 5 and hence
is omitted.

Theorem 10. Let all assumptions of Theorem 8 be satisfied
with condition (10) replaced by (17). Suppose that there exists

afunction K € ® such that, for all sufficiently large T = o

lim supJ‘ [K (t,s)q(s)(1-p(g(9))"

t—co T

(55)
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()G s)™

(y+ 1)
Then (1) is oscillatory.

ds > 0.

Proof. The proof resembles those of Theorems 5 and 9.

Remark 11. One can obtain from Theorems 5 and 6 various
oscillation criteria by letting, for instance,

m(t) = R(t).
(56)
Likewise, several oscillation criteria are obtained from
Theorems 7-10 with

I -
m(t) = J ;
T, /7 (s)
(67)
3. Examples and Discussion

The following examples illustrate applications of theoretical
results presented in this paper.

() =R(1).

Example 1. For t = 1, consider a neutral differential equation

!

(tz(x(t) +p0x(%))’) +qpx (2t) = 0,

(58)
Where Po € (0:1/2)  ang 90 > 0 are constants. Here,
y=1 () =t% p(t) = ppnt) = t/2,q(t) = qosang
g(t) =2t.Let  m(t) = 7' ang Kt.s) =s'(t -5
t,s) = 2571 4+ s

then
(t = 5) and, for all sufficiently large
T 21 andforall © satisfying 91 ~2P0) > 1/2:" e have

lim supj !K (t,5)q(s) (1 -p(g(s)

t— o0 75

m(g (s))

y (m (9) )*’ _rOEEN" |
mis) (y+1)™

= lim sup
f—00

r [‘fﬂ(l_zpo) (t-s) -

T &% s

(t -s)?
4s

~(t—s)]ds>0.

(39)

On the other hand, letting H(t,s) = s™'(t = ) ang () = 1,
we observe that condition (15)
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is satisfied for 4o(l —2P¢) > 1/2.Hence,byTheorem
5,weconcludethat(58)is oscillatory provided that
a(1-2pg) > 1/2. 1/2. Observe that results reported in [9, 12,
17, 21] cannot be applied to(58)since (58) since Pt} < 1 gng
conditions (19)—(22)fail to hold for this equation.

Example 2. For Fort =1 consider a neutral differential
equation

(¢(sr+3e(2))) () -

(60)
Where 9o > 0 is a constant, Here
y=1Lr(t) =, p(t) = 1/8, 4(t) = t/2,9(t) = qot. Lt
m(t) = t7*/2 and K(ts) =s7(t-s).

then$ (&, s) = 267 w95 =), Hence

m (7(g () )”

limsupj lK(f,s}q(S)(l -p(g() m(g(s))

t— 0o i

) (c(r,s))“‘] g
(y+1)"™

t— 0o T 28 5
(61)

t _ )2 _ 2
=limsupj [M—s—(t ) —2(:—s)1ds>0

-2 2
Whenever 4o > 2. Let H(t:8) =5 (E = )" 5ng 8(1) = 1.

.Then (16) is satisfied for 4@ > 2
Therefore, using Theorem 6,w deduce that (60)is oscillatory if

9 > 2, 50 our oscillation result is sharper.

)Example 3.For £ = 1. consider the Euler differential equation

(25" (1) +qox () = 0,
(62)
qo > 0 is a here

Where constant
y=Lr(t) = s p(t) =0, qt) = gy and g(t) = t.
m(t) =t

And K(t,s) =s '(t - ).

C(t,8) = 25712 4 5732 —

choose

then

$), and so

m(n(g(5))) )”
m (g (s))

www.ijsart.com
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m(s)

" ( m(g(s) )*’ O E G } ds
(y+ 1)

t 2 a2
ziimsupJ {q“(t ) —s—(t s) —(t—s)}ds>0

t— oo T N 4s
(63)

N o] A
provided that 4o > 174 et H(t,s) =s (t =5)" zng

6(£) = 1. Then (15)holds for 9o > 1/4 it follows from

Theorem 5 that (62)is oscillatory for 90 ~ 174, and it is well
known that thiscondition is the best possible for the given
equation. However, results of Saker [17]do not allow us to
arrive at this conclusion due to condition(22).

Remark 12. In this paper, using an integral averaging
technique, we derive several oscillation criteria for the second
order neutral equation (1)in both cases(10)and(17).Contrary to
[9, 12, 15, 17, 19-21], we do not impose restrictive :) and
(19)—(23) in our oscillation results. This leads to a certain
improvement compared to the results in the cited papers.
However, to obtain new results in the case where (17) holds,
we have to impose an additional assumption on the function
Pi that this P(t) < m(t)/m(n(t)). The question regarding
the study of oscillatory properties of (1)with other methods
that do not require this assumption remain open at the
moment.
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