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Abstract- Several existence theorems are known for a first
order Initial Value Problem (IVP). In this paper we extend the
existence of Peano’s theorem to a second order Initial Value
Problem (el, 71 of the type

n__ — ! —
v'=Fflxy), yvlx) =v ¥'(x) =¥, by
suitably constructing a sequence which is equicontinuous and
uniformly bounded, so as to apply Ascoli-Arzela theorem.
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1. INTRODUCTION

The existence theorem due to Peano ([3], [4]) for

r__ —
IVPs of the type ¥ = Fla,y), vlx) = have been
extended to IVPs of the type

y'=flxy), y(xo) =yo ¥'(x) =¥y by
suitably constructing a sequence which is equicontinuous and
uniformly bounded, so as to apply Ascoli-Arzela theorem.

I1. PRELIMINARY RESULTS

Consider the first order 1VP,

vy =flxy), v(ix)d=w

@)
This first order IVP is equivalent to the integral equation
X
y() =y, + [ f(ty(8) dt
)

The Peano Existence theorem for first order 1VVPs is stated as

Theorem 1 ([1]) ( Global Existence Theorem) Let F(2¥) be
continuous and bounded in the strip

T:lx— x5l < a, |¥]< 9 Then the IVP (1) has at least

one solution in lx — x5l = a.
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Theorem 2 ([2]) (Local Existence Theorem) Let (%) pe

continuous in 53 1% — xpl = a, |v — ¥5| = b, and hence
IM = 0, gych that, 1F(x, ¥)| = MV (x,¥) € 5. Then

the IVP (1), has at least one solution in

— mi 5
Tt lx = x| = h = min {a, 7}

111. EXTENSION OF EXISTENCE THEOREM

Consider the second order 1P,

v'=flay), yvixg) =ve vix) =w

3)

The solution of (3) is equivalent to solving the integral
equation,

y(x) = Yo+ (2 — xﬁj}i’l + "r-:n(x - t)f[t,}?(tj)dt
(4)

Theorem 3 Let £ %) be continuous and bounded in the
strip T 1 = x| = @, [¥] < . 1hen the 1vP (2) has at
least one solution in 1% — %gl = a.

Proof We shall give an existence proof in [x0. %0 + al ang

its existence to [¥0 — @] is immediate.

First, divide the interval [xc,,xc, + a] intom+ 1

subintervals of equal length, by taking ™™ points in a partition
of [xg.%g+ al.

Choose ™™ such that ™ = @-
Define,
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Vm(x) = < Iy lle, — 21+ 3 M e, — 2,2

([ yot+ (r—xdy v SxZxg+ =
o %Ex s <y b, —x, 1+ 2, — 3,

Yo+ (x —xp)y + [ (x — Of (t.¥(0))at, SR e, — |
) 2
xg+ 2 < xgx[,+"‘“:"“, k=12,..m—1
m Case3:
: If
a Ry € [xg + 2,00 + 2] k=12, ,m— 1,
The length of each subinterval is now m which is less m
than 1. Then,

[V (%)= Yo ) FI(Ye+ (%= %)Y,

The sequence ¥ Vo (X) defined in this manner is continuous

pecause £ 0, 706 DY, O)d)-
lim, () =y t—= lim_ y,() Yo+ (- %)Ys

w—x +_]'_ m x—(x +—]| .

Further, Y (X0) = Yo, ¥m(x0) =¥y, + oxl m(x, - t)F(ty, (t)dt)]

Since f is bounded in strip T IM=0 gyeh that < Tm e
’ _I}rlllx:—x1|+MJ- It—:czld::+MJ( It — x,|dt
Iflx,v)| < M Y(X,Y)ET. -

= |}F1||xg - xj_l + Mlxz - x1|:
We claim that the sequence (x5 equicontinuous. M
Let X1:%7 € [xg,%5 +a]. = |yl = >y |+ = |x,. — xq|
< Kl|x, — x4]
Let K = ly | + M. In all cases,

|V (3) = ¥ ()l S Ky — 24| ¥V x € [x5,%5 +
We have the following 3 cases depending upon the al

subintervals in which %1: %2 lje. . Therefore, the sequence Om ()} is equicontinuous.
Further,

(]
x1,x2 = [xD,xﬂ + ;]J

(yg 1 (e = xg)yy) — (g + (2, — xp) )|

= |}F1 ||x: - -xj_l

Case 1: If

n22) = Y2l = }F’“[x]l=l}rﬂ'+(x_xﬁj}’ier_;Ex—l‘]f[t,}fm[t])dﬂ
Vi (X3) = Vi (24 N

‘i|Vg|+|v1|a+MJ |t — x|dt

=K |xz — x|
Case 2: If M ]
( < Iy vyla +—|x — x,]°
xlE[xD,xD +£], sz[xD-l- Xg + k+1}ﬂ] _l*ﬂ'|+|*1| +2| ol
- A
K= 12 mot < Iyl +lysla +2a°
Then,
oy Therefore, the sequence ()} s uniformly
r . 5 W . .
o) =) = l?ﬁ(xz‘xnﬁ-_"[ (1 =) 2. 30)d) = 0 + (g~ )3y bounded in [*o:%0 T @l- Being, equicontinuous and

L,
uniformly bounded in [x0.2, + al, by Ascoli-Arzela

a
< |y 2y, — 2y [+ M f;‘z'ﬁ |t — x,|dt theorem, the sequence Om ()3 contains a subsequence
o
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1
Vi (X
{* ’“p[ jJ which converges uniformly in [x0 x5+ al g a

continuous function w(x).

We claim that, ¥ (%) is a solution of (3).

Now,

Proceeding to limits as
9= b [ (e=ffte)

We now show that,

lim fi_[x —t)fF (t,}rmp [tj) dt =0

Now,

|£ii[x—tjf(t,ymp(tj)dr|£ M-[: E

Therefore,

X i i
0< lm |J. :x—t)fukr,}rm“(tjjdﬂgl
— F ?

Therefore, by sandwich lemma,

x

?_'J—:*QC

n

With these observations, we have obtained equation (4),

showing that ¥(*) is indeed a solution of (3).
We can also locally extend Peano’s theorem as:

Theorem 4 Let F{%:¥) pe continuous and bounded in the
rectangle in 2: |2 — x|l =@, |v—¥,] < b, and hence
M =0, gych that, f(x,y) =M,V (xy) € 5. Then,
IVP (2) has at
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lim _ (x— r]f(r,}rmp[rj)d:: =0

least one solution

_m_p[x —t)f(tv,.(t))dt 2]

J ;(" ~Of [:fr.vmp(rJ ) o Y

?"J"I.F

o
1 —
=z 2

the

|}’1| +—
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. b
Joilx — x5l < h= mm{a,;} where M, =

Ma
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