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Abstract- Several existence theorems are known for a first 
order Initial Value Problem (IVP). In this paper we extend the 
existence of Peano’s theorem to a second order Initial Value 
Problem ([6], [7]) of the type 

, by 
suitably constructing a sequence which is equicontinuous and 
uniformly bounded, so as to apply Ascoli-Arzela theorem. 
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I. INTRODUCTION 
 
 The existence theorem due to Peano ([3], [4]) for 

IVPs of the type  have been 
extended to IVPs of the type  

  by 
suitably constructing a sequence which is equicontinuous and 
uniformly bounded, so as to apply Ascoli-Arzela theorem. 
 

II. PRELIMINARY RESULTS 
 

Consider the first order IVP,   
 

                                                             
(1) 

 
This first order IVP is equivalent to the integral equation 

                                                  
(2) 

 
The Peano Existence theorem for first order IVPs is stated as  
 

Theorem 1 ([1]) ( Global Existence Theorem) Let  be 
continuous and bounded in the strip 

. Then the IVP (1) has at least 

one solution in  
 

Theorem 2 ([2]) (Local Existence Theorem) Let  be 

continuous in and hence 

 such that,  Then 
the IVP (1), has at least one solution in 

 
 

III. EXTENSION OF EXISTENCE THEOREM 
 

Consider the second order IVP, 
 

                                                   
(3) 

 
The solution of (3) is equivalent to solving the integral 
equation, 
 

                                           
(4) 

 

Theorem 3 Let  be continuous and bounded in the 

strip  Then the IVP (2) has at 

least one solution in  
 

Proof We shall give an existence proof in  and 

its existence to  is immediate. 
 

First, divide the interval  into  

subintervals of equal length, by taking  points in a partition 

of   

Choose  such that  
Define, 
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The length of each subinterval is now  which is less 
than 1. 

 

The sequence  defined in this manner is continuous 
because, 
 

 
Further, . 
 

Since f is bounded in strip T,  such that 

 
 

We claim that the sequence  is equicontinuous. 

Let  
 

Let  
 
We have the following 3 cases depending upon the 

subintervals in which lie. 
 

Case 1: If  

 
                                  
                                   
Case 2: If  

 
Then, 

 

                  

   

   
    
 
Case3: 
 
 If 

 
Then, 
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In all cases, 

. Therefore, the sequence  is equicontinuous. 
Further, 

 

 

 

 
 

Therefore, the sequence  is uniformly 

bounded in  Being, equicontinuous and 

uniformly bounded in  by Ascoli-Arzela 

theorem, the sequence  contains a subsequence 



IJSART - Volume 4 Issue 3 – MARCH 2018                                                                                     ISSN [ONLINE]: 2395-1052 
 

Page | 1489                                                                                                                                                                   www.ijsart.com 
 

 which converges uniformly in  to a 

continuous function  
 

We claim that,  is a solution of (3). 
 
Now, 

 

 
Proceeding to limits as  

 
We now show that, 

 
Now, 

 

 

 
Therefore, 

 
Therefore, by sandwich lemma, 

 
With these observations, we have obtained equation (4), 

showing that  is indeed a solution of (3). 
We can also locally extend Peano’s theorem as: 
 

Theorem 4 Let  be continuous and bounded in the 

rectangle in and hence 

 such that, Then, 
IVP (2) has at least one solution in the interval 
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