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1. INTRODUCTION

The concept of ideals in topological spaces is treated
in the classic text by Kuratowski [8] and Vaidyanathaswamy
[9]. Jankovic and Hamlett[7] investigated further properties of
an ideal spaces. An Ideal Ton a topological space is a non-
empty collection of subsets of X which satisfies the following
properties: (i) A I and E < Aimplies E € (ii) Al and
E =1 implies AU E e€1I. An ideal topological space(or an
ideal space) is a topological space {X.7) with an ideal I on X
and is denoted by ({X7,I). For a subset
Ack A (1) = xeXiAnUegld forevery Ue T{.r:]} is
called the local function of A with respect to I and 7 [8].We
simply writed™ in case there is no chance for confusion.A
Kuratowski closure operator el*(.}for a topology t°(I.t)
called the =-topology,finer than t s defined by
cl*(4) = AU A*[9).

Caldas and Jafari [3] introduced and studied by, by,
and by via b-open sets after that Ekici [5] introduced the
notion of bz and bz spaces.In this article,we introduce new

types of separation axioms via M, -closed sets and investigate
some of their properties.

I1. PRELIMINARIES
Definition.2.1 [6]. A subset A of a topological space (X, 7] is
called a semi-preopen set(=g-open set) if A = cl{int (cl(A))
and a semi-preclosed set (=8-closed set) if

int{cl(int(A)) c A.

Definition.2.2 [2]. A subset A of an ideal topological space
(X.7.I) is called an M; closed if spcl{A) SU whenever
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A< UandUis I-open in (X, 7, I).The class of all M; closed
sets in (X, 7,1} is denoted by M;" — € (X]).That is,
M;" — C{X)={A c X:Ais M;"closed in {X,7,I]}.

Definition.2.3[1]. A subset A of an ideal topological space
(X.z. I} is called an I, (or I3)-closed set if A" S U whenever

A € Uand Uis semi-open in (X, 7).
Definition.2.4.[4] A topological space [, 7] is said to be

(i) @ — T,if for each pair of distinct points in X, there is an a-
closed set containing one of the points but not the other.

(ii) & — Ty if for each pair of distinct points x and y of X,there
exists «-open sets I and ¥ containing x and y respectively
suchthat y € Wand x g V,

(iii) & — T5if for each pair of distinct points x and y ofX,there
exists disjoint @-open sets I and V containing x and ¥
respectively.

Definition.2.5.[4] A topological space (X, 7] is said to be

(i) @ — Ryif for each &-open set G in X and x & Gsuch that
acl(lx}) 6.

(i) o — R,if for x,y e ¥ with acl({x}) 2 acl(ly}), there
exist disjoint e-open sets U and V such that ecl{Lx}) £ U and
acl(fyh V.

.M T;-SPACES,{i=0,1,2)
Definition.3.1.An ideal topological space (.X.z. I} is said to be
(i) M, " Tyif for each pair of distinct points x,vinX, there exist a
M;"-open set I7 of X such that either x e U/ and v & U or
zgllandye U,

(ii) M;" T,if for each pair of distinct points x,yinX there exist
two M, -open sets I/ and ¥ such that = € IV but ¥y & I and
xelVbutyeW

(iii) M, " T4if for each pair of distinct points x,inX there exist
two disjoint M, -open sets U and ¥ of Xcontaining xand ¥

respectively.

Example.3.2.(i)
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Let¥ = {a,b,c}t = {6 X, {a}.{b], {a, b}land

[={6{al b} {a b1 Then M, -open sets of an ideal space
are® {a¥, [bl, [a, bl {b, cl {a, c).Clearly (Xl is
M, Ty, M;"T, and MM;"Tx.

(ii)LetX = {a,b,c},T{6.X {a}, {b} {a b, {b.c}} and
[=1{@[allThen M;"-open sets of X are
@, X, fa}. {bl. {a. bl {b. c}}.Clearly (X = I} is not a ;" T3-space
and also {.X.=. I} is not a ;" T3-space.

Proposition.3.3 Every & — T;-space is M; T;-space,i = 0,12
but not conversely.

Proof. The proof is follows from the fact that every =-open set
is M, -open.

Example3.4.(i) Let ¥ = {a,b, ¢}t = [&, X, {al.{bl, {2, b]1 and
[={d{ak{b}.{a. b} Then M, -open sets of X are
@ {ak{bh{abl{bch{a.c} and w=-open sets of X are
@, X {a). bl fa.brClearly (X.7.I} is M,"T, and M; T, but
note—T, and & — T3,

(ii) Let X={abcht={0X {aL{b.c}}
andl ='{@, {212 Then M; -open sets of X are power sets of X
and =-open sets of Xare® X, fal, [b.cll Clearly (X = Dis
M, Ty but not & — Ty,

Theorem.3.5. An ideal topological space {(X.t.I} is M;" Ty if
and only if for each pair of distinct points
a0, vof X M, el{{=Y) = M;"cl{fy)) .

Proof. Necessity: Let (X.z.I} be a M; Ty-space and x.y be
any two distinct points ofX.There exists a M;"-open set U/
containing x ory,say x but noty.Then X\L7 is a M; -closed set
which does not contain = but contains v.Since M;™ cli{{ v} is
the smallest M; -closed set containingy,M;” cI{{v}) = X\U
and therefore x & M, "el{ f¥T).Consequently

M, cl{x} = M, cl({y).

Sufficiency: Suppose thatx.y e X x £ v and
M,"el({x} = M,"cl({yY).Let z € X such that z € M, el({x}
but =ze M, 'cl({y1We claim that =x & M, cI{{v).For,if
x € M;"cl{{v} then

M," cl({x} © M, cl(M;" cl{{y}) = M; cl({y}.Therefore

z e M;"cl{{v},a contradiction.Thus = & B cl{{¥}.Then
XA\M;"cl({¥} is a M;"-open set in X such that
x e X\Mel(fy} and v & X\M; " cl{{yL.Thus (X T.I)is a
M, " Ty-space.

Theorem.3.6. An ideal topological space (X.=. I} is a M; T-
space if and only if the singleton sets are M; "-closed sets.
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Proof. Let (X.z. I} be M;"T; and x be any point of¥. Suppose
y e X'\Ix], then x # ¥ and so there exists a M, -open set I
such that ¥ € U but x & I7.Consequently v € Il € X' [« that
is X4 [x} = U{U:v e X\{x] which is M; -open.

Conversely, suppose {p} is M; -closed for every p € X.Let
x,y €X with x = y.Now x =y implies ¥ € X\ {x}.Hence
X'\ [x}is a M; -open set contains ¥ but notx.Similarly

X\[ylis a M;"-open set contains x but not
y.Accordingly(X. =, I} is a M,"T,-space.

Theorem.3.7.The following statements are equivalent for an
ideal topological space (X, 7.I):

(i) (X.7.DisM,"T, .

(ii) Let x e X.For each v = x, there exist a M, -open set IJ
containing x such that v & M; el (L7},

(iii) For each

MM, "l e M,” —00X) and x e U = {x}.

re X

Proof.(i}) = (ii}.Since (X, 7.llis M;"Ty,then for each
v = x,there exist two disjoint M;™-open sets I and ¥ such that
x el and v € V¥ respectively. If F =XV then Fisa M-
closed set such that U ZF  which implies
M, cl(ll) € Ml (F) = FSince y & F,y & M, el(I).

(i) = (iii).1f ¥ = x then there exist a M;"-open set U such
that xel and
v & M; el (7). Therefore,

ve UM, cll:U e M,” — 0(X) and x € U}.Therefore
N{M,"cl(U): U e M;” — 00X) and x € U = {x).This proves
(iit).

{(iii) = (i).Let xyeX andx = v.Then
y & Lx} = N{M,"cllU):U € M;” — 00X} and x € U.This
implies that there exist a M; -open set U containing x such
that y & M, cl{U7).LetV = X\ M, cl{U7),then ¥ is M; -open
and ¥ € W.Now
UnV =Un{X\M el(U) € UnX\U= @.Therefore,

(X7, 1) is M;" Ty,

Proposition.3.8. The following statements are true for an ideal
topological space (X, t.1}.

(i) Every M," T;-space is M," T, but not conversely.
(ii) Every M, " T--space is M;" T, but not conversely.

Proof. The proof is straight forward from definitions.
Example.3.9 Let X = fa.b. c}. T = {@. X, {a}. {2 b}, {a.c}} and
[={@ b1 Then M;"-open sets of X are

@ X, {al fa bl {a cl.Here (X, 7.I) is M;" T but not M; Ty,
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Definition.3.10. A subset 4 of an ideal topological space
(X,z. Iy is called M, -difference set (briefly.M,"-D set) if there
exist LV e M;” — 0(X)such that Il # X¥and 4 = I V.

It is true that every M;"-open set U different from X is a M;"-D
set if A = Uand V¥ = @, we can observe the following.

Remark.3.11. Every proper M, -open set is a M;"-D set but
not conversely.

Example.3.12. Let ¥ = {a, b, cl.t = [@. X, {a}.{bl. {a.b]} and
[={6{a)l b}, {a bl Then M, -open sets of X are
@, {ak (b}, {a bl {b. ¢k {a. c].Consider the set
U={ac}lz XV ={ahbl, are M -open sets in X and
A=1INV = [} which isa M;™-D set but not a M; -open set

Definition.3.13.An ideal space (X,z,I) is said to be M;"-
symmetric, if for x,v € X, x € M, cl{{vY)implies
¥ & My el({x}).

Proposition.3.14. The following statements are equivalent for
an ideal space (X, 7.I}:

(i) (¥, 7. Njis a M,"-symmetric space.
(ii) {x}isM; -closed for each x £ X.

Proof.{i} = (ii).Assume that
[x}SU e M" —0¢),butM;” cl({xY) € I7.Then

M," cl({x¥) N (X\L7) = 6.Now,we take
¥ € M;"el({x}) n (XU then by hypothesis

xeM cl{{y}) = (X\U) and xe&Uwhich is a
contradiction. Therefore,{x} is M; -closed for each x € X,

(i) = (iJAssume that
x € My el({y})buty & My "cl(fx}). Then {y} € X\M; el({x})
and hence M; " el{{+}) = X\ M, cl{Lx ).

Therefore,x € X\ M, cl({x}), which is a contradiction and
hence y € M," cl{[x1).

Corollary.3.15. If an ideal space {X.7.I} is a M; T;-space,
then it is M;"-symmetric.

Proof. In a M;"T;-space, by Theorem 3.6, every singleton set
is M;"-closed. Also by Proposition 3.14, (X.z.I} is M,"-

symmetric.

Corollary.3.16. In an ideal space (X7, I} is M; -symmetric
and M; Ty, then (X, =.I}isM;"T;.

Proof. Let == v and as (.X.7.I)is M, T;,we may assume
that xelU < X\{y¥} for some UUeM;”"—0(X).Then
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x & M, "cI{{y}) and hence v e M, cl({x}). Then there exist a
M,"-open set V such that y» € V¥ € X\ Ix} and thus (X.z.T} is

Definition.3.17. Let (X, 7,I) be an ideal space and
A € X .Then the M;"-kernal ofA denoted by M;" — ker(A) and
is defined to be the set
M, —ker(d) = NW e M,” —0(¥):4 U,

Example.3.18. Let ¥ ={a.b,cht = {0, X {a}.{a, b}, {a. c}}
and TI'={@,{b}}.Then  M;"-open sets of Xare
@, X, {a}, {a, b}, {a, c}.Here

M;" — ker({a}) = {a)},M;” — ker({b}) = {a, b},

M;" — ker({c}) = {a,c],M;” — ker({a, b}) = {a, b},

M;" —kerl{a.c}) = {@,c},M;” —ker({b,c}) = X,

Theorem.3.19. Let (X, 7. I} be an ideal space and x € X.Then
v e M;” —ker {x}ifand only if x € M; el {{¥}].

Proof.Neceesity: Suppose that y & M;” — ker {x}.Then there
exist a M;-open set ¥ containing x such that
¥ & V.Therefore,we have x g M; "el({y}).

Sufficiency: Assume that x & M; "cl{{¥})1.Then there exist a
M;"-open set Licontaining x= such that ¥ & U.By definition of
M;"-kernel, y & M;" — ker {x}.

Proposition.3.20. Let (X, 7.J} be an ideal space and A be a

subset ofX.Then
M," —ker(4) = {x e X: M, cl{({x) NA = @)
Proof.Let  x & M;” —ker(4) and  suppose  that

M cl(fz1) N A= @.Then X\M; cl{{xY) is a M; -open set
containing A such that x& X\M;"cl({x}).This is
impossible,since x € M;” — ker(A) Consequently,if
M cl({x})n A= 0We claim x& M,” —ker(4).Suppose
that x= & M;" —ker(A4) Then there exist a M;"-open set V
containing A such that =xgV. Now, let
yve M el{{x}3nAThen ye M el({x}) and yeAlf
y e M el{{x}) implies there exist a M; -open set V
containing ¥ such that ¥ {x! # @.Hence x e V.By this
contradiction, x € M," — ker(4) and the claim is proved.

Proposition.3.21.The following properties hold for the subsets
A, B of an ideal space (X, 7, I}.

(i) A © M;” — ker(4).

(iAS B =M" —ker(d) = M," —ker(B),

(iii) If A is M;"-open in (X.t. I} thend = M;" — ker(4].
(iv)M,;” — ker (M;” — ker(4)) = M,” — ker{4)
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Proof.(i) Suppose that A4 is any subset ofX.If
x & M,” —ker(4) then there exists I/ € M," — @ (X such that
A C Uand x g U.Therefore,x & A.Thus it is proved.

(ii) Let A < B.If suppose M;" — ker(4) & M;" — ker(B) then
x € M;” — ker(4) but x & M, — ker(B) By definition of M,"-
kernel there exist a MM;"-open set U/ such that B S I and

= g U7.Since ASBcUxeM;”— ker (4).By this
contradiction, M;" — ker(4) = M;" — ker(B).

(iii) Obvious from the Definition 3.17 of M;” — ker (4.

(iv) From the subdivisions (i) and (ii) ,we have

M, —ker (A) S M;” —ker (M,” — ker (4)). To prove the
other implication, if x & M,” —ker(4) then there exists
UeM™—0(X) such that AZ U and =xe& UU.Hence
M —ker (A} CU and SO we have
x & M;" —ker (M, — ker (A)). Thus
M," — ker (M;" — ker(4)) = M," — ker(4),

Proposition.3.22. If a singleton set {x} is a M; -Dset of
{:X.' T, -::], then ﬂ"f;- —_ I.{Ef' I:'[J.’}:] = X

Proof. Since {x} is a M, -Dset of {X,t.I},then there exists
two M;"-open subsets 7.V such that{x} = U\V.Then {x} = U
and Il 2 ¥.Thus, we have that M,” —ker ({x}) € U = X and
so M," — ker ({x}) = X.

IV.M;"Ry-SPACE (k=0,1)

In this section new classes of an ideal spaces called
M;"Ryand M;"R, spaces are introduced and found the
necessary and sufficient conditions for a space (X, 7. I} to be
M;"Ryand M,"R,.

Definition.4.1.  An ideal space (X, z.I} is said to be

(i) M;" Ry, if every M;"-open set contains the M;"-closure of
each of its singletons. That is, for any M;"-open set U in X, we
have M,"cl({x}) < U for every x € U

(i) M;"R,if  for any xyelX such that
M, cl({x}) = M;"cl({y}), there exists disjoint M; -open
sets I7 and V such that M, el({x}) € U and M," ell{y}) =V

Example.4.2. Let
X ={abcht=18.X{a}.b}.{a b} and I =
{0.{a},{b}.{a. b}}

Then M;” -open sets of an ideal
16.%.{a}, (b}, {a. b}. (B, c}Ha. c} }Clearly the
(Xz.IyisM"R, aswell as M;" R,

space are
ideal space

Proposition.4.3. For an ideal space (X.z.I}, the following
properties are equivalent:
()X, DisM;" R,
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(i) Forany Fe M;" — £(X),x ¢ F implies FEUandx e I/
for some U e M," — 0 (¥)

(iii) For any FeM ' —CX.xeF  implies
FnM cllix =0
(iv)For any distinct points xaend yof X, either

M, cl(x}) = M clllyD) or M" cl{fxD M, cl(iy) = .

Proof: (i} = (ii).Let F e M,”" — C(X)and x € F. Then by
(), M cl({x}) € X\F.Set U =X\M,"cl({x}), then U is a
M, -open setsuchthat F = Jand x & I,

(i) = (iii). Let FeM, —C(¥and x&F. Then there
exists Ue M;" —0(X) such that FE Uand x & U. Since
DeM" —0X).UnNM, cl(x) =0 and
ENM," ell{x}) = o

(iii) = (iv) Suppose that M, cl{ix}) = M, cl({y}) for
distinct points x.,y € X. There exists z € M, cl{{x}] such that
z e M cl{{v}) (or z € M;" el({v}) such that =z & M, el ({x})).
There exists ¥WeM,"—0(¥) such that ve¥ and
z € V:hence x € V7. Therefore, we have x & M, “ci({y}). By
(iii) we obtain M, cl({x}) n M, el({y}) = @.(iv) = (1), Let
VeM, —0(X)and x V. For each y & Vand x = yand
x & M, "cl({y}). This shows that
M cl({x}) = x & M, cl({y}). By (iv),
M cl({x}) n ;" cl({y}) = @ for each y & X\V and hence
M, cl({x}) N Uy M, cly}) = .

On the other hand, since V € M;" —0(¥)and v € X\V, we
have M, clify}) e X\W and hence
W = Uy p M7l (Lyh. Therefore we obtain
oVl n M el({x}) = gand M, cl({x}) = V. This shows
that (X, 7, I} is a M;” Ry space.

Proposition.4.4.1f an ideal space {(X.7.IJ is M;"T, and
M;" Ryspace, then itis M;"Ts.

Proof: Let x and y be any points of X. Since (X, z,IJis
M;"Ty, there exists a M;" -open set I such that x € I/ and
yell. Since (Xz.I) is M R, xel implies that
M cllx}) 2 U. Since yeU, so ye M ellfx}). Hence
ye WV =X\M"cl{x}) and it is clear that x & V. Hence it
follows that, there exist two M;" -open sets [Jand V
containing = and ¥ respectively, such that ¥ & Uand = & 17,
This implies that {X. . [is M;" T;.

Proposition.4.5. For an ideal space (X7, I}, the following
statements are equivalent:

(i) (X.7.Iisa M;" Ry -space

(i) x e M;"cl({y}Jif and only if ye M cl{ixz})for any
points x,y € X.
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Proof.(i) = (ii). Assume that (X¥.z,Dis M,"R,. Let
x e M;"el({y}) and V be any M," -open set such that v & V7.
Now by hypothesis, x € V. Therefore, every M;" -open set
which contain ycontains x. Hence v € M,  cI{{x}]. Similarly
the converse is obvious.

(it) = (i). Let U be any M," -open set in (X, 7.J)and x € U.
If v & U, then = & M, "cI({y}) and hence y & M, cl({x}). This
implies that M; " cI({y}) = 7. Hence (X, t.l)is M;"Ry.

Proposition.4.6. For any point x,% in an ideal space (.X.t. I},
the following properties are equivalent:

(i) M;" — ker (x}) 2 M;" — ker({y]).
(i)M," — elx}) = M," — cl{{y})

Proof. (i} = (iil. Suppose that
M;" — ker ({x}) = M;” — ker({y}), then there exists a point =
in X such that z € M;” — ker ({x}) and =z & M;” — ker({y}).
From z € My" — ker ({x}), it follows that
[k} M cl({z}) =8 which implies xe M, cl({z}). By
z e M;" — ker({y}), we have {y} nM; cll{z}) =©. Since

x € M;"cl({z}), M;" eli{x}) € M;"cl({z}) and
i M cll{x}) =6.  Therefore, it follows that
M elllx}) # M, el({y}). Now
M, —ker({x}) # M,” — ker({y}) implies that
M elllxh) = M llly}). (i) = (1), Suppose  that

M cll{x}) = M,"el({y}). Then there exists a point = in ¥
such that z e M, cl{{x}and z e M, cl({y}). Then there
exists a M;" -open set containing = and therefore x but not ¥,

namely y & M, "ker{{x}) and thus
M, — ker ([x}) = M;" — ker({y}).
Theorem.4.7. Let (X, 7.Ilbe an ideal space. Then

N{M,"el({x}) : x e X} =@ and only if M;" — ker({x}) = X
for every x e X.

Proof. Necessity: Suppose that M{M; “ci{{x}) :x € X} = .
Assume that there is a point weX such that
M," — ker ({y}) = X. Let x be any point of X, then x € V¥ for
every M;" -open set V containg ¥ and hence y € M; " cl({x})
for any x € X. This implies that y € N{M;"cl{{x}) : x € X},
But this isa contradiction.

Sufficiency: Assume that M," —ker{{x}) = ¥ for every
xeX. If there exist apoint y in X such that
ye N{M cl({x}) : x € X}, then every M;" -open set
containing ¥ must contain every point of X. This implies that
the space {(X.7, I} is the unique M;” -open set containing .
Hence M;" — ker({y}) =X, which isa contradiction.
Therefore N{M, “cl({x}) : x € X} = 0.
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Theorem.4.8. An ideal space (X, 7. I} is M;" Ry if and only if
for every
xy € X, M, cl({x}) = M el(ly}) = M, el({x}) n
M'clliy}) =0

Proof. Necessity: Suppose that (¥.z.I} is M,”"— R, and
x,y € X such that M, el({x}) = M, cl({y}). Then there exists
some ze M, cl({x}) such that =& M cl({y})
(z € M, cl{fy}) such that z & M, cI{{x}). Then there exists a
M;" -open set ¥V such that v & Wand =V, hence xe V.
Therefore we have x & M, el({y}). Thus x € X\ M, el({y})
which is a M;" -open set containing =. Since (X.t.I}is
M;" — Ry M, " ell({x}) € X\M;"cl({y}) and hence
M, cl({x}) n M, cl{{y}) = p.

Sufficiency: Let W e M;" —0(X) and let x € V. We claim
that M, cl({x}) S V. Let v &V, that is ye X\V. Then
x # yand x e M, cl(fy}). This shows that
M, ell{x}) = M, el({y}). By assumption,
M, ell{x}) n M cll{y}) = 8. Hence ye M;"cI{{x}]) and
therefore M; " cl{{x})} = V. Hence (X. 7. INis M;" — Ry .

Theorem.4.9. An ideal space (X, 7, I} is M;" Ry if and if only
for every
xy € XM ker({x}) = M, ker ({3}) = M,*ker (x})

M, ker({y}) =0

Proof. Necessity: Suppose that {¥,=.I} is M;” — R, .Thus by
Proposition 4.6, for any points =xyelk, if
M, keer({x}) = M, ker({y}) then M, cl({x}) = M, l({y}).
Now we prove that M; " ker({x}) n M,  ker({y}} = &. Assume

that ze M, ker({x}) nM, ker({y}). By Proposition
3.19,and z e M, ker({x}), it follows that xe M, el({=}).
Since xe M, cll{z}) and by Proposition 4.3,
M, el({x}) = M, el({=z}). Similarly, we have
M, ellyl) = M;"el({=) = M;"el({«}). This is a
contradiction. Therefore, we

have M;” ker ({x}) N M; ker({y}) = 0.

Sufficiency: Let CX.7.I) be an ideal space such that for any
points = and v in X.M, ker({x}) = M;"ker (yDimplies
M, ker({x}) n M, ker({y}) = 8. By Proposition 4.6, if
M, ker({x}) = M ker(yDthen M, ci(lx}) = M," el({y}).

Hence M; ker({x}) nM,"ker({y}) =@ which implies
M cl({x}) n M cl(y}) = 8. Because z e M; cl({x})
implies  that  x & M, ker({z}) and  therefore

M, ker({x}) N M;"ker({z}) = @ By hypothesis, we have
M;" — ker ({x}) =M;" — ker ({z}) . Then

z e My cl({x}) n ;" el({ylimplies  that  M;" — ker ({x})
=M;" — ker({z}}) = M;" — ker ({y}) . This is a
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contradiction. Therefore, M,  cl({x}) n M, cl{{y}) = & and by
Proposition 4.3,{X. . I} is a M,” B,—space.

Proposition.4.10.In an ideal space (X.z.I}the following
statements are equivalent:

(i) (X.7.Iis a M," Rg-space.

(ii) For any non-empty set A and G € M;” — 0{X]) such that
AnNG = Gthere exists Fe M;” — C(X) such that ANF =06
and F € .

(iii) G=U{F e M;”— C(X):F € Glfor
G e M, —0(X)

(iv) F =N{6 e M;” — 0(X):F = G¥forany F € M;” — C(X).
(v) M; cl{{x}) € M;” — ker ({x})for every x € X,

any

Proof.{i} = (ii}.Let A be any non-empty subset of X and
GeM” —0(X) such that An&G=&Then choose
x € A n&.Since (X.z.0) is a M," R,
space,x € G € M;" — 0(X),M," cl({x}) = G.Suppose

F =M cli{x})then Fe M,” —C(X) such that ANF =0
and F € .

(i) = (iti).Let G € M;" — O(X).Then for every
xeFeM —CX)LFS6,xeg, and hence
U{F e M;" — C(X):F = G} € G.On the other hand, suppose
that = is an arbitrary point ofz.If we define A = {x},then by
hypothesis,there exists F € M;” — £ (X} such that x € F and
F £ . Therefore,G SU{F e M;" — C{(X):F £ &} and hence
G=UFeM,”-C(X):FEG.

(i} = (iv).It is obvious.

{iv) = (v).Let xE X be arbitrary and
ve M,” —ker ({x}).There exists V¥V € M, —0(X) such that
xeV  and ye Vhence M, cl({y}) nV = @By
(iv),N{G e M;" — 0= M,"cl({y}) € 63NV = @ and hence

there exists & e M;"—O0{X) such that xe& and
M, el({y}) € G.Therefore My} NG =0
andy & M, cl ({x}].Consequently,we obtain

M, cl({xh) € M;” — ker ({x}).
(v} = (i).Let & be any M;-open set and x € G be any
arbitrary point.Let y € M;" — ker {{x}) thenx € M;"cl(fy})

and v € &.This implies that
M;" — ker ({x}) € G.Therefore,we obtain
X E M;'c;’{{x}:] £ M," —ker {{x}] = &.This shows that

(X,7. 1) is a M;" Rp-space.

Corollary.4.11.For an ideal space (X.z.I} the following
statements are equivalent:

(i) (¥.z.Dis a M, Ry-space.
(i) M;" el({x}) = M, — ker ({x})forall x € X.
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Proof. (i} = (ii}.Suppose that (X.z.I} is a M;” R,-space.By
Proposition 4.10 (v),M; " cl(lx}) € M," — ker ({x}) for each
xe X Let y € M;” — ker ({x}),then byProposition
3.19, x & M, cl (v} and by Proposition 4.3
(iv),M; " cl({x}) = M, cl({y}).Therefore, y € M, cl({x}) and
hence  M,” —ker (Lx}) € M, cl¢{x}).This  shows that
M, ell{x}) = M,” — ker ({x}).

(it} = (i.1t follows from Proposition 4.10.

Proposition.4.12.For an ideal space {X.z.I} the following
statements are equivalent.

(i) (¥,7,Iis a M; " Ry-space.

(ii) If F is M, -closed, then F = M, — ker (F).

(iii) If F is M;"-closed and x € F, then M;” — ker ({x}) S F.
(iv) If x € X thenM,” — ker ({x}) = M," cl({=}).

Proof.(i} = (ii}.Let F be a M, -closed set and x &€ F.Thus
X\F is a M;"-open set containingx.Since (X.z.I} is M; -
Ry, M,"cl{{x} = X\F.Thus M clliz})nF=g and
byProposition 3.20,,x & M;" — ker (F).Therefore
F=M" —ker (F)

(i) = (iti).In general by Proposition
3.21,A € B = M," —ker(4) © M," — ker(B) Therefore it
follows from (ii) that M;" — ker({x}) € M, — ker(F) = F,
(iii) = (iv).Since x € M, cl({x}) and M;"cl({x}) is M, -
closed, by(iii), M,” — ker {Ix}) € M," el(L=}).

{iv) = (i7).We show that the implication by using Proposition

4.5.Let x € M,"el{{y}).Then by Proposition
3.19, v € M," — ker ({x}).Since x €M, cl{{x) and
M, elif=}) is M,"-closed, by (iv), we

obtainy € M,” — ker {({x}) € M,"el{{x}). Therefore
x € M;"cl({y}) implies v e M;"cl({x}).The converse is
obvious and (X.=.I}is M; R,

Proposition.4.13. (i) Every « — Ry space is M; Ry but not
conversely.
(ii) Every e — R, space is M;™ R, but not conversely.

Proof. The proof is follows from the fact that every =-open set
is M, -open.

Example.4.14. Let X = {a,b.cl = = {8 X [a}.{bl {a.b}land
[={6{al b} {a b1 Then M, -open sets of an ideal space
are ©,X, {a}, {b}, {a. b}, {b.c} {a.c}} and @-open sets of X are
@, X. fb}.{ c}. {b. c}.Here the ideal space {X.t.I) is M;" R, and
M,"R, but not « — Ryand &« — R,.

Proposition.4.15. An ideal space (X.7.I} is M; R, if it is
M Ty
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Proof. Let x and ¥ be any points of X such that
M, clffx}y = M, el({y}.By Proposition 3.8(ii),every M, Ts-
space is M;" T,. Therefore,by Proposition
3.5,M; " ell{x}) = L=}, M, clllyv}) =[] and hence
x = w.Since (X.7.I} is M, T, there exists disjoint M; -open
sets U7 and V such that M, cll{x})={x} U and
M, ell{y}) = {y} € V.This shows that (X.7, I} is M,"R,.

Proposition.4.16.In an ideal space (X, ¥, [} is M; -symmetric,
then the following statements are equivalent.
(i) (X. 7. Dis M, T4

(i) (X.=. isM;" Ry and M; " Ty,

(iii) (X.=. I)isM;" R, and M; " Tj.

Proof.(i} = (fi}.Follows from Proposition
Proposition 4.15.

{(if) = (iti).Follows from Proposition 3.8(i).
(i} = ({).FromTheorem 3.5, X, 7. I} is M, Ty implies M,"-
closures of distinct points are distinct. Since {X.z. Ilis
M," R, there exists disjoint M, -open sets I/ and ¥ such that
M7 clllx})cU and M, cllly}) 2V and so xe U and
y € W.Hence (X, =.I) is M,"T;. Proposition.4.17. For an ideal
space (X, . I}, the following statements are equivalent

()CX. 7. DisM;" R,

(ii) If x.¥ € X such that M;" ci({x}) = M,"cl({y}), then there
exists two M;"-closed sets F and F; such that
xeFveFRyeFR xegFKandX =F UE,

3.8(i)) and

Proof.Proof is obvious.
Proposition.4.18. Every M;" R, space is M;" Ry

Proof.Let IJ be M;" -open set such that x € /. We have to
prove, M, cl({x}) = 7

If wel and since xeM clliy}), we have
M, ci({x}) = M;"cl{{y}). So there exists a M;~ -open set V
such that M, cli{y}) =Vand =xeV, which implies
v e M, cl({x}). Hence M;" cl({x}) = U. Therefore (X.z7.I) is
M,"R,

Corollary.4.19. An ideal space (X.z.I} is M;"R, if and only
if forx,y e X,

M, —ker({x}) 2 M;” — ker({y}), there exists disjoint M, -
open sets U and V such that M, cl{{x}) Z Uand
M clllyh cv.

Proof.Follows from Proposition 4.6.
Theorem.4.19. An ideal space (X.. I} is M;" Ry if and only if

x € X\M, " cl{{y}) implies that = and y have disjoint M,” -
open neighbourhoods.
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Proof. Necessity: Let x € X\ M, cl{{y}). Since (X.z.Dis
MR, then M, cl({x}) = M,*cl(fy}), so = and y have
disjoint M;" -open neighbourhoods.

Sufficiency: First we show that (X,7,Iis M; " Ry. letl be a
M;" -open set and x e U. Suppose that y & U. Then
M,*cl{y}) n U = and x & M, el({y}). By hypothesis, there
exists two M;" -open sets L7, and U such that e U, , y U,
and U,nl,=06 Hence M;" cl({x}) © M;" el({U,})and
M, cli{=}) n U, =M “el({U 1 n u, = g Therefore,
v & M, el ({x}). Consequently, M,"cl{{x}) £ U and (X.z. Dis
M;"R,. Next, we show that (X, z.I}is M;"R,. Suppose that
M cll{x}) = M, el(fy}). Then, we can assume that there
exists z € M, cl({x}) such that z & M, cl({y}]). There exists
M;” -open sets V. and I such that ¥, , z€; and

¥, N = 0. Since ze M, el({x}), x eV . Since (¥.z.D)is
MRy , we obtain M, ell{x}) €V, , m* cllfy}) =¥, and
¥, n¥;, = @. This shows that (X, .1} isM;"R,
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