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Abstract- In this paper we give an overview of results about
the boundary and relative conformal volume to manifolds I
and  we prove that Volp(Z.mel=2m and
Volp(F.n @) = L3/24 | \nere Volsc (Z.1.9) i5 a boundary

n-conformal volume of # |, we also

thatVolyc(L.n) = Vol (L. nte)

prove
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I. INTRODUCTION

Let (Z% g) be a %-dimensional compact Riemannian
manifold with boundary 9Z * @ and let B™ pe the unit ball in
R" Assume that T admits a conformal map @:Z = B™ with
@(@T) ©8B™ et G pe the group of conformal
diffeomorphisms of B™ \We define the boundary conformal
volume to be the Li-Yau [2] conformal volume of the

boundary submanifold 9. we give estimates for the first
eigenvalue of the Dirichlet-to-Neumann map which are
analogs of the estimates of [2] and [5] for the first Neumann
eigenvalue of the Laplacian[1].

Definition .1 : Given a map @ € C*(8Z.88™) that admits a
conformal extension @ Z = E" define the boundary M-
conformal volume of ¥ by:

Vol (Z.n, @) = sup Vol {f{@{ﬂﬂ }:I ,
fei

The boundary ™-conformal volume of Z s then defined to be:

Valy, (2, 1) = infVal,, (T, n, o).
o
where the infimum is over all ® € C*(8Z.8B™) tnat
admit conformal extensions @: = 8" It can be shown (see

Lemma 7) that Yole:(L.m) = Volp(Z.m + 1} The boundary
conformal volume of £ is defined to be:
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Voly, (£) = lim Vol (T 7).
M=z

Note that: For any k_dimensional manifold £ with
boundary, the boundary ™-conformal volume of Z is bounded
below by the volume of the (% = 1)-dimensional sphere:

Vol (Z,n) = Vol(5%-1),

The proof is as in [2]; given a point & on 5% let
fa(t) pe the one parameter subgroup of the group of
conformal diffeomorphisms of the sphere generated by the
gradient of the linear functions of E" in the direction . For
all £ fa (t)fixes the points & and —#, andlime~= folt) (x) = &
for all * €5 7\ {-6h 5 @:82 = 5" Y5 3 map whose
differential has rank ¥ =1 at*, then,

tim Vol (£_ g, #)(9(9))) = mVal(s*~4)

for some mEZL” (here the integer ™ is the
multiplicity of the immersed submanifold @Z atthe point —%).

For X =2 and for a minimal surface I that is a
solution to the free boundary problem inthe unit ball £ in B"|
the boundary ™-conformal volume of Z is the length of the

boundaryof L that is, its boundary length is maximal in its
conformal orbit.

Theorem .2 : Let £ a minimal surface [1] in Eﬂ, with

nonempty boundary #Z < 8" and meeting #8" orthogonally

along 9Z, given by the isometric immersion @:Z = B Then,
Vol (Z.n, @) = L(3T),

The length of the boundary of Z.

Proof:

The
|4 -2 (g g

trace-free  second  fundamental  form

|7 L
9 is conformally invariant for surfaces.
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Using the Gauss have

2 ||4 —f{r»@,q}g”: =H? 4K

equation, we

. Therefore, givenany f € C,

Lw‘ — 4K)da = J‘_I_m{f;r: — 4R )da,

T

Where 94 denotes the induced area element on f ),
and ® and & denote the Gauss and mean curvatures of £ (Z) in
E" Since Z is minimal, © =0, and so we have,

Higg—a Eda (1)

—4 J‘ Kda=
I 7l £z

By the Gauss-Bonnet Theorem,

J‘Kdtz.:Eﬂrj_f(E:] —J‘ kds
H dz

J‘ Eda= Eﬁl’{f{zj} -
()

il

E ds,
afiz)

and using this in (1), since X(Z) = x{f(Z)} we obtain
+I kds = H:d£+4J‘ kads(2)
az ) afm

= =1-J‘ kds
aFiz

If T is the oriented unit tangent vector of #Zand V is
the inward unit conormal vectoralong 2Z, then.

dT dv dgp
k - {EJ 1"} - _{T’JE} - {TJE} - {T.l T} - 1.!

where in the third to last equality we have used the
fact that V= —% since I meets IE"Bi'!orthogonally along
9% since f is conformal, F(ZJ also meets 88" orthogonally

along 6f (L) and so we also have that k=1 Using this in (2)
we obtain.

L) = L(af ().
This shows that
L(3T) = Vol (T n. @)
as claimed.

The proof of Theorem 2 implies that any minimal
surface [1], that is a solution to the free boundary problem in
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the unit ball in B" has area greater than or equal to that of a
flat equatorial disk solution.

Let £ be a minimal surface in Bﬂ, with
gz = BB“, and dB™

Theorem .3 :

(nonempty)  boundary meeting

orthogonally along 9Z. Then,
2A(Z) = I(8T) = 2m.
Proof: Given f € G| as in the proof Theorem 4, we have,
L(31) = L(af (D). (3)

Since I is minimal, the coordinate functions are harmonic
Azx' =0 and Azlxl* =4 Therefore,

. alx|*
$A(D) = J‘.ﬂzlxl* .:m:j ds:f 2ds = 21(35).
T ax dv az

Using this in (3) gives,
24(2) = L{af(@).
If# €81 then,

lim L (£,()(05) ) = mL(5%) = 2mm

For some " € F, and so, we have the desired conclusion.
24(T) = L(FT) = 2m.

Corollary .4 :The sharp isoperimetric inequality [3], holds for
free boundary minimal surfacesin the ball:

.i:.:
A= o
Proof: For free boundary minimal surfaces in the ball we
have 24(Z) = L(8Z) as shown in the proof of Theorem 3. It
follows that the inequality All) zm jg equivalent to the sharp
isoperimetric inequality & = L*/4m

Corollary .5 : Show that

() Volp(Z.nme)=2m
(ii) Vol (T, n, ) = L*/24

Proof :(i) Theorem 2 and Theorem 3 show that
Volp (Z,n, ) = 21

Www.ijsart.com



IJSART - Volume 4 Issue 12 - DECEMBER 2018

-

(i) Since == then,

Volg, (Z.n, ) < 2m < o

Definition .6 :Let < be a #-dimensional compact Riemannian
manifold [5], with boundary that admits a conformal map

@:I—=B" \jth P(L) ©8B™ Define the relative M-
conformal volume of ¥ by.

Vol (Z,n, @} = sup Vol ({f(cp (E]}).

feG
The relative ™-conformal volume of T is then defined to be:

Vol, . (Z,n) = infVal, (T, n, @)
v

Where the infimum is over all non-degenerate conformal maps
@:I = B" ith @(8L) c 8B*

Lemma .7 : If ™ Z 1 then Vol (Z.n) = Vol (Z,m),

Proof: To see this, suppose ¥: L —~ B™ = B™ j5 conformal,
with #(@Z) € 8B" © 8B™ | ot A= @(E) © B" 3ng suppose
that f is a conformal transformation of ™. Then f(4) lies in
the spherical cap £8™) in B™ whose boundary lies in 8™
Let T€00m) pe an orthogonal transformation that rotates
this spherical cap so that its boundary lies in an ™-plane
parallel to the ™-plane containing the boundary of the original
equatorial 2", Let P be the conformal projection of r(r(™)

4 =P(1(ria))

onto B" and let . Clearly £ is volume

increasing, and so.

Vol(4") = Vol (f(4))

But 4 is the image of A under some conformal transformation
of B ﬂ, therefore,

sup ?Dl{F{A:I } = sup ‘.FDIU{H:I }

FEG fec'

Where & denotes the group of conformal
transformations of & ﬂ, and © denotes the group of conformal
transformations of 5.

The relative conformal volume of £ is defined to be,
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Vol,.(Z) = lim Vol,. (T, n)

Note that : For any ¥-dimensional manifold £ with boundary,
the relative "-conformal volume of £ is bounded below by the
volume of the %-dimensional ball:

Val,.(Z,n) = Val(BF),

To see this, suppose @:L = B™ s a conformal map
with @(Z) ©3B™ \yhose differential has rank ¥ at * € 8L,
The conformal diffeomorphisms fptn (&) of the sphere,
extend to conformal diffeomorphisms of Bﬂ, and,

}LE Vol (f_;g.jx:. () {@{Ej}) = mVol(BF)

For some ™ € L7 the multiplicity of #(8Z) gt #(x)
Corollary .8 : Show that Vol (Z.n) = Val, (Z.n+e),

Proof:

.Y _, PR n+E
For €= O guppose X = B €5

heW@I) cBf caB= | A=9E) B! 4 suppose

is conformal,
wit
that £ is a conformal transformation of BJ'HE. Then Eir' =1 f(4;)
lies in the spherical cap Ef=lf{gj'n }in B whose boundary

a Bj_r! +E

lies in . Let T € 0Um} pe an orthogonal transformation

that rotates this spherical cap so that its boundary lies in an ™-
plane parallel to the ™-plane containing the boundary of the

n
original equatorial Bf" Let P be the conformal projection of
T{Ej =1 f {B.i'ﬂ}}onto B.i'ﬂ, and let

T5eu 4 =P (T(8). F(4))))

increasing, and so,

Vol (Z AJ.’-) = Val (i f{ﬂj-})

j=1

Clearly £ is  volume

But ‘4

n
transformation of B; , Hence,

sup Vol (; f{ﬂj-}) = sap Val (; f{ﬂj-})

A:

is the image of ‘4 wunder some conformal
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Where © is the group of conformal transformations

n ]
of B , and © denotes the group of conformal transformations
phn+e
of =i .

The relative conformal volume of  is defined to be.

Vol,.(Z) = lim Vol, (T n)
===

Lemma .9 : Let (M.9) pe a compact Riemannian manifold,
and let @ be an immersion of M into 5"7° = B” There exists
f €6 sychthat ¥ = fog = (&h . ™) satisfies:

L?,e.-‘ dy, =0
Fort=1L...n

Theorem .10 : Let (%9} be a compact ¥-dimensional
Riemannian manifold [5], with nonempty boundary. Let

a1 = 0 pe the first non-zero eigenvalue of the Dirichlet-to-
Neumann map [1], ontZ- 8. Then,

o, Vol (BE)Val () F < k Vol,_(Z, )&

For all ™ for which Volr:(Z.n) s defined (i.e. such
that there exists a conformal mapping ©:I = B" with
@(8Z) = 8B™) Equality implies that there exists a conformal
harmonic map ®:Z = B™ which (after rescaling the metric 9)
is an isometry on 9Z, with @(8Z) € 8B™ anq sych that #(Z)
meets @8 " orthogonally along #%8Z) For k = 2 this map is

an isometric minimal immersion of Z to its image. Moreover,
the immersion is given by a subspace of the first eigenspace.
The following is an immediate consequence of the theorem.

Corollary .11 :Let Zbea compact surface with nonempty
boundary and metric 4. Let?t = 0 pe the first non-zero
eigenvalue of the Dirichlet-to-Neumann map on (Z- 8}, Then

o, L(3T) < 2 Vol,,(Z, n)

for all ™ for which Volre (2.1 is defined. Equality implies that

there exists a conformal minimal immersion ®:Z— B" by
first eigenfunctions which (after rescaling the metric) is

anisometry on 8L, with @(8Z) =8B™ and such that ®(Z)
meets 88" orthogonally along® (%),

Proof. Let @ £ = B e a conformal map with #(8Z) = 88"
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By Lemma 9 we can assume that @ = (@ ... @ ") satisfies:

J‘ plds =0
8Z

5 — A. - - I:
fort=L....n | etd" e a harmonic extension of ¥ |EE.

Then,

- Jﬂz|?ﬁ[|‘dvz - Jﬂz|?@[|‘dvz
0oy = ey = o .
P sl Pdvay ~ [ (e dvyg

(4)

By Holder’s inequality, and since ¥ is conformal then,

K k

J‘E(chl’f]? dl;'z:| -

vc.lfiz]k'f: [k%‘fﬂl{qﬂ{ﬂ }] <

n -
f Zlﬂ:qgffdvz = Vol(®) &
EI:=1.

E ]

Vol (2) % Vol (In, @)F,
On the other hand, since®(@Z) = 88"
n
Z J‘ {(Pi:]:dwaz = J‘ dvgr = Vol(az).
=1 g dL

;
Then by (4) we have,
o Vol(EDVOI(®) T < kVol, (5, n, @),
since Volre (1) = infy Vol (.7 @) \ye get.
o Vol (BEIVOI (D) F < k Vol,o (T, m.

Now  assume that we have equality,
r 2wy (k-2/k
El'j_vtll':ﬂz:] = nri:'lrrr E;ﬂ:] 1-":3:] . Choose a sequence of

conformal maps #: L — B \ith v;(8I) © agn, such that,

lim Vol, (Z.n, ;) = Vo, (Z.n)
e

and by composing with a conformal transformation of the ball
we may assume:

q;l.l:ds=
L:l: !
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for all ©:J. By changing the order of coordinates, we may
assume that:

i=1,..N

. 2 0
llmJ‘{‘F‘}} d“{in i=N+1,..n

je=Jdy

We have:

i T
oo

o, Vollt) = ZJ Visg < Zﬂw\mzezw nT J (ZW)”E =:kVu|rr(M)Vox(J

=1

Letting j= and
a, Vol(8T) = kVol, (T, n) ¥ *Vol(T) Ue—2/k we get:

using

P

1 n n 7
uiVol(ﬂE]:uiJLiﬂsz[ iy = hmZhVﬂdbz Talf) nhm J(Zv@;r) dry| = llAD))
[=t f=1

Therefore, for any fixed Z {‘PJ} us a bounded
sequence in  W*MILR)  and

WH(E, R) c L*(Z.R) s

i .
subsequence we can assume that {‘PJ} converges weakly in

since the inclusion

compact, by passing to a

W**(Z, R, strongly in L% B} and point wise a.e., to map

YiI =R Clearly St =1 50 on TIL.p)T=1

ae.ondZ and¥' =0fori=N+1 .7 Since forall i.

UIJ‘ (@l) dvgy = J‘|"?cp}|‘dvz.
7L T

And

n n
gy lim Z J‘ I[q:l_ll} drgz = lim Z J‘ |$‘q:l_i‘:|: drg.,
J_J:lcl::l oL J_J:lcl::l L

We have:
im [ 179} *avs = o Jim | (o) avar =
J==Jz J==Jdaz
::r,_J‘ (@ Pdvyy; < j|":-'q;l[|‘d1:z. (6)
az b
»i ©
¥ weakly in WHF(Z.RJ and so,

On the other hand, 9; =

f vyl dvs < lim f el dvs
T j==dy
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Therefore, we must have equality in (6), and so,
lim f Vol dvs = flw-‘lz dvg
Jo=Jy z

which means {‘Pil'}converges to ¥strongly in
WHHZ R} Moreover,

Ty J;E':T.f-'[j:d“az = J;:|"??#[|: dvg

and it follows that {¥i}iZ1 are first eigenfunctions. In
particular, ¥'is harmonic for ¢ = L.--.N_ Also, since %jis

conformal and converges strongly in W o ¥ the map:

w: I BY

x e @ Y ()

defines a conformal map. Therefore, ¥

conformal and harmonic, with ¥(@I) = 8BY

w(8L) c 8BV ynq
By
Pt ()

on X since ¥'are eigenfunctions, it follows that ¥(£) meets
3B orthogonally along ¥ (9,

By scaling the metric we can assume that ?« = 1. Then by
(7),0n 9L e have:
=E

w1 =1

and hence ¥is an isometry on 2Z . Finally, for ¥ = 2 we have
from (5)

n mn
LimZ f Vil avy = Z[Iw—-‘lz dvg =
J_’=[=1 L i=1 I
‘.ﬂ:l{‘ij% lim J‘(ZW@J ) dvy
Jy==

By lower semicontinuity of the norm under weak
convergence this implies

e

S
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"|?qﬂ:|zdv3=?nl{2]% f‘( I?v,e;fI:) da
I T 1

ERLE

k|

n

Now the Holder inequality implies the opposite

inequality and thus we have equality in the Holder inequality,
which implies I¥¥1” is constant on Z, and this constant must

be ¥ by the boundary normalization. Since ¥ is conformal this

implies that ¥is an isometry as claimed.
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