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Abstract- Let G be a (p,q)graph and f:V(G) - {1,2,...,p +
q — 1,p + q + 2} be an injection. For each edge e = uv, the
induced edge labeling f™ is defined as follows:
lf () — f)| .
— 5 SIf@ - f)liseven
F@ =1 rw - rwl +1
2

if If W) — f(w)|is odd
Then f is called Near Skolem difference mean labeling if
f*(e) are all distinct and are from {1,2,3, .... q}. A graph that
admits a Near Skolem difference mean labeling is called a Near
Skolem diffence mean graph. In this paper, a new parameter E*
is introduced and applied for the graphs (K, * S,),
J(m,n),C,and Ky ,,.

Keywords- Star, Jelly fish, Near Skolem Difference Mean
labeling, Near Skolem difference mean graphs.

I. INTRODUCTION

All graphs in this paper are finite, undirected and simple.
The vertex set and the edge set of a graph G are denoted by
V(G) and E(G) respectively. For standard terminology and
notations, we follow Harary (1) and for graph labeling, we refer
to Gallian (2).

In this paper, a Near skolem difference mean graph G is
investigated and a new parameter E* is introduced to find the
minimum number of edges that should be added to G to convert
the Near skolem difference mean graph G into a non-Near
skolem difference mean graph G*.

Definition 1.1: (K, *S,)is a graph obtained from K, by
appending a star S,, with n vertices to its four vertices and has a
vertex set V(G) = {u;,v;;/1 < i < 4,1 <j < 4} and edge set
E(G) = {wiuip1/1 <1< 33U {Upu42} U {uguy} U {wyvy;/
1<i<41<j<n}

Definition 1.2: For integers m, n=> 0, a Jelly fish is a graph
J(m, n) with vertex set and edge set as
|4 (](m,n)) = {u' v, x'y} u{xllel ...,xm} U{yllyZl ---,yn}

E(Jimn= {(ux),wv),wy) vx),vy)}{(xx):1
<i<npu{ly)rl <i <n}
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Il. MAIN RESULT

Definition 2.1 A graph G = (V, E) with p vertices and g edges
is said to have Nearly skolem difference mean labeling if it
is possible to label the vertices xeV with distinct elements
f(x) from{1,2,.....,p+q—1,p + q + 2} in such a way that

each edge e=uv , is labeled as f*(e) = M if

IfW-Ff)l+1 ;
| fu)-fMW)| —— f
| f(u)— f(v)]| is odd. The resulting labels of the edges are
distinctand are from {1, 2, ... ...., q}. A graph thatadmits a Near

skolem difference mean labeling is called a Near skolem
difference mean graph.

is even and f*(e) =

Definition 2.2: Let G be a Near skolem difference mean graph.
Then the parameter E*of a graph G is defined as the minimum
number of edges to be added to G, so that the resulting graph is
non-Near skolem difference mean.

Theorem 2.3:E*(K, *S,) = 1,n > 1.
Proof: Let G be the graph K, * S,,.
LetV(G) = {u,vj/1<i<41<j<n}and
EG) ={wu/1<i<j<4}u{wv;/1<j<n}
Then |V(G)| =4n+4and |[E(G)|=4n+6

Define f:V(G)—-{12,...c.ccc......,8n+9,8n 4+ 12} as
follows:

f(u,)) =8n+12

fuz) =3

fluz) =8n+9

flu) =1

f(vy)=4+2j, 1<j<n
flvzj))=2n+4+2j, 1<j<n
flvs))=7+2j, 1<j<n
f(v4j)=2n+7+2j, 1<j<n
Let f* be the induced edge labeling of f. Then,
f*uguy) =4n+ 4

f*(uus) =4n+3

fr(uzuy) =4n+5

frluyyu,) =4n+6

fruus) =1

f*(ulvlj)=2+i, 1<i<n
f*(uzvzj)=2n+2+i, 1<i<n
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f*(u3v3j) =n+2+i, 1<i<n

fr(ugvy;) =3n+2+i, 1<i<n

Clearly the induced edge labels f*(E(G)) =
{1,2,........4n + 6} are all distinct.

Hence, the graph K, = S,, admits Near skolem difference mean
labeling.

Let G* be the graph K, * S, U {uv} where u and v are any
non-adjacent vertices of K, * S,,.
u; are the vertices of K,(1 <i < 4) and
v;; are the vertices of the star S, (1 < j<n and 1 <i < 4).
ThenV(G*) = {w;, v;;/1<i<4,1<j<n}and
E@G) ={wu/1<i<j<4}U{uv;/1<j<n}u
{(u)}.
Then |V(G*)| =4n+ 4and |[E(G")| =4n+ 7
let f:V(G*) - {1,2,..,8n+10,8n + 13}
Lete=xy € E(G*)with1l < f(x) < f(y) <8n+13.
Now two cases arise:
Case (i) 'f(y)z;ﬂx)' =4n+7
This implies f(y) =8n+ 14 + f(x)
>8n+14+1
=8n+ 15
Case (i)
This implies f(y) — f(x) =8n+14 -1
This impliesf (y) = 8n+ 13 + f(x)
=>8n+13+1
=8n+ 14
Thus, in both cases, we get a contradiction since by definition,
f(v) <8n+13
Hence, G* is not a Near Skolem Difference Mean graph.
Hence, E*(K, * S,) = 1.

2

=4n+7

Theorem 2.4:E*(J(m,n)) = 2 where J(m,n) is a Jelly fish
graph.

Proof: It has already been proved that the graph J(m, n) is Near
Skolem Difference Mean. [4]

Let G be a graph obtained from J(m, n) by adding an edge.
LetV(G) = {w,v,x,y,u;,vj/1<i<m,1<j<n}and
E(G) = {xu,xv,yu,yv,xy} U {uu;/1 < i <m} U {vy;/1 <
J=n}}u{(uv)}.

Then |V(G)|=m+n+4and |[E(G)|]=m+n+6

Define: f:V(G) - {1,2,3,....2m+ 2n+9,2m + 2n + 12} as
follows:

fw)=2m+2n+12

fw)=2m+2n+9

fx)=2m+1
fy)=2m+3
flu)=2i—-1, 1<i<m
f(v;) =2m+3+2j, 1<j<n

Let £ be the induced edge label of f. Then,
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ffluy) =m+n+7—-i, 1<i<m
f*(vvj)=n+3—j, 1<j<n

ff(xu) =n+6

f*(xv) =n+4

ffu) =n+5

ffov)=n+3

ffy) =1

fruv) =2

The induced edge labels are all distinct and are {1,2,...,m +
n + 6}

Hence, from the above labeling pattern, the graph G =
J(m,n) U {(uv)} admits Near Skolem Difference Mean
labeling.

Hence, G is a Near Skolem Difference Mean graph.

Now, consider G* = J(m,n) U {u,u,, u,u3} where

Let V(G¥) = {u,v,x,y,ui,vj, |1 <i<m,1<j<n}and
E(G") = {xw,xv,yu,yv,xy } U {uu;/1 < i < m} u {vv;/
1<j<n}u{uu,uus}.

Then |[V(G*)|=m+n+4 and |[E(G*))|=m+n+7

Let f:V(G*) = {1,2,..,2m + 2n + 10,2m + 2n + 13},

Lete = wyw, € E(G*) with

Now, 1 < f(wy) < f(w,) <2m+2n+13

There are two cases:

Case(i): Suppose w =m+n+7

f(w2) = f(wy) = 2m + 2n + 14.
fwy) =2m+2n+ 14 + f(wy)

>2m+ 2n + 15.

Case(ii): Suppo'a‘elf(WZ)_%)|+1 =m+n+7

This implies f(w,) — f(w;) =2m+2n+14 -1
fwy) =2m+2n+ 13+ f(wy)
>2m+ 2n + 14.
From both the cases, we have f(w,) = 2m + 2n + 13.
This is a contradiction since, by definition, f(w,) < 2m +
2n+ 13
Hence, G* is not Near Skolem Difference Mean graph.
Hence E*(J(m,n)) = 2.

Theorem 2.5:E*(C,) = 3.
Proof: It has already been proved that the cycle graph C,, is
Near Skolem Difference Mean for n > 3.[3]
To prove the theorem, we consider the following two cases:
Case(i): When E*(C,) =1
Subcase (i): Whenn = 2k + 1
Without loss of generality, let G be the graph C,p.q U
{urvie-1}-
LetV(G) ={u,v;,1<i<k+1,1<j<k}and

EG) = {ulvl,uk+1vk,uiui+1,vjvj+1, 1<i<k1<j<
k — 1} U {ugvi_1}-
Then [V(G)| = 2k +1and |E(G)| = 2k + 2.
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Let f:V(G) - {1,2, ..., 4k + 2,4k + 5} be defined as follows:

When k is odd:
fuzip) =4i+1,
fluy) = 4k + 6 — 41,
f(v,) =4k +5.
f(i41) = 4k + 5 — 4i,
f(vy) =4i+2,

When k is even:
fuzip) =4i+1,
fluy) = 4k + 6 — 4,
f(v)) =4k +5
f(vyi41) = 4k + 5 — 41,
f(vy) = 4i +2,
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Let £ be the induced edge labeling for f.

fruv)) =2k+2

F* (a1 vy) = {1, when k is even
k+1%k) = | 2, when k is odd

f*(ul-uiH) =2k+3 - 21,
fr(vjvje1) = 2k +2 = 24,

1<i<k

1<j<k-1.

F* Uiy = {2, when k is even
k¥k=1)" |1, when k is odd

The edge labels are all distinct and are f*(E(G)) =

{1,2,..,2k + 2}.
Subcase (ii): Whenn = 2k

Without loss of generality, let G be the graph Cy, U {uvi_1}-

LetV(G) = {u;,v;/1 <i,j < k}and

E(G) = {ug vy, W Vg, Wilki41, VjVj41/ 1 S 4, <k — 1} U

{urvi-1}-

Then |[V(G)| = 2k and|E(G)| = 2k+1

Let f:V(G) = {1,2, ... 4k, 4k + 3} be defined as follows.

When k is odd:
fupip1) = 1444,
fw) = 2k.

fluy) =4k + 4 —4i,
flug_) =2k +7
f(yi41) = 4k + 3 —4i,
fv) =2k+4

f(v) =2+ 44,

f(-1) =2k - 1.
When k is even:
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flugip) = 4i+1, 0<i<—
Fuy) = 4k + 4 — 4i, 1<i<?,
fan) =4k +3—4i, 0<i<=2
Fvy) =4i+2, 1<i<?

Let f* be the induced edge labeling of f. Then,
fruvy) = 2k+1

£1( )= {1, when k is even
UkVi) =1 2, when k is odd

f*(uiui+1)=2k+2—2i, 1<i<k-1.
fr(vjvjs1) = 2k +1 - 2j, 1<j<k-1

Fr Wiy = {2, when k is even
k¥k=17"11,when k is odd

Then the induced edge labels are distinct and are
{1,2,....2k +1}

Hence the graph G admits Near skolem difference mean
labeling even after adding the edge {u;v,_4}.

Case (ii): When E*(C,) = 2
Subcase(i): Whenn = 2k + 1
Without loss of generality, let G be the graph obtained by
adding 2 edges to Cyp 1.
LetV(G) = {u,v,1<i<k+11<j<k}and

E(G) = {ulvl,uk+1vk,uiui+1,vjij, 1<i<k1<

j <k —1}U {uyvy, uyv; (When k is odd)} or

U{up Vg —1, Ug41Vi—1 (When k is even)}.
Then |V(G)| =2k +1and |E(G)| = 2k + 3.
Let f:V(G) - {1,2, ..., 4k + 3,4k + 6} be defined as follows:
When k is odd:

flugipr) = 4i +1, 0<i<*=

Fuy) = 4k + 7 — 4i, 1<i<®
F(Vgi41) = 4k + 6 — 4i, 0<i<=
fvy) = 4i—1, 1<i<2
When k is even:

flugier) = 4i +1, 0<i<?

Fluy) = 4k + 7 — 4i, 1<i<?

F(03i41) = 4k + 6 — 4i, 0<i<™2
fvy) = 4i—1, 1<i<Z

Let f* be the induced edge labeling for f.

f(uvy) =2k +3
£ )= {1, when k is even
Wet1Vi) =12 when k is odd

www.ijsart.com



1JSART - Volume 4 Issue 1 —-JANUARY 2018

fruuieq) = 2k + 3 - 21, 1<i<k
fr(vjvjs) = 2k + 4 — 2j, 1<j<k-1.
When k is odd,

[ (upvy) =2

[ (ugvy) = 4

When K is even,

fruve—,) =1

[T Ups1vp-1) = 4

The edge labels are all distinct and are f*(E(G)) =
{1,2,..,2k + 3}.

Subcase(i): When n = 2k

Without loss of generality, let G be the graph obtained by
adding 2 edges to Cy.

LetV(G) = {u,v;,1<i<k+1,1<j<k}and

E(G) = {ulvl,uk+1vk, Uiy, ViV, 1S i<k 1<j<k-
1} U {u,vy,usv,}.

Then |V(G)| = 2k and |E(G)| = 2k + 2.

Let f:V(G) - {1,2,...,4k + 1,4k + 4} be defined as follows:
When k is odd:

fuyipr) = 1444, OSiS%S.
fQuy) = 2k.

Fluy) = 4k + 5 — 4i, 1<i<™%
fan) =4k +4—4i, 0<i<™=
fvy) = 4i—1, 1<i<™2
When k is even:

flugipr) = 4i +1, 0<i<*2
fluz) =4k +5—4i,  1<i<Z.
fas) =4k +4-4i, 0<i<Z2
fvy) = 4i—1, 1<i<?,

Let f* be the induced edge labeling for f.
frluvy) =2k + 2
fruve) =3

f*(uiui+1)=2k+2—2i, 1<i<k-1
fr(vjvjsn) = 2k +3 — 2j, 1<j<k-1
fr(upvy) =2
fr(usvy) =1

The edge labels are all distinct and are

f(EG)) ={1,2,..,2k + 2}.

Hence, the graph G admits Near Skolem difference mean
labeling when E*(C,) = 2

Case(ii): Let G* be the graph C, U {u;u;44,1 <i <4}
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Then |[V(G*)| =nand |[E(G*)|=n+3

Let f:V(G*) = {1,2,..,2n + 2,2n + 5}.

Lete =uv € E(G)withl < f(u) < f(v) <2n+5
Now, two subcases arise:

Subcase(i): Suppose, w =n+3.

This impliesf (v) = 2n+ 6 + f(u)
>2n+6+1.

=2n+7

Subcase(ii): Suppose, M =n+3

This implies, f(v) =2n+6 + f(u) — 1.

>2n+5+1.

=2n+6
Thus, in both cases, f(v) = 2n + 6.
This is a contradiction since, by definition, f(v) < 2n + 5.
Hence, adding 3 edges to the Near skolem difference mean
graph C,, makes it a non-Near skolem difference mean graph.
Hence, E*(C,) = 3.

Theorem 2.6:E* (K, ,,) = 4.

Proof: It has already been proved that the graph K; ,, is Near
skolem difference mean. [6]

To prove the theorem, we consider the following 2 cases:
Case(i): E*(Ky,) = 1,2 or 3

Subcase(i): When E*(Ky,) = 1.

Let G be the graph K; ,, U {e = uju,}.

LetV(G) ={v,u;/ 1 <i<n}and

E(G) = {vu;/1 < i <n}U {wu,}.

Then |[V(G)|]=n+1 and |[E(G)|=n+1

Let f:V(G)—- {1,2,...2n+1,2n+4} be defined as
follows:

f(u) = 2n+4

flu) = 2i, 1<i<n

Let f* be the induced edge labeling of f. Then,
frlvu)=n+1-—1, 1<i<n

fr(uuy) =1

The induced edge labels are all distinct and are f*(E (G)) =
{1,2,..,n+1}.

Subcase(ii): When E* (K, ,,) = 2.

Let G be the graph K; ,, U {uju,, usus}.

LetV(G) = {v,u;/ 1 <i<n}and

E(G) = {vu;/1 < i <n} U {uu,, uzus}.

Then |V(G)|=n+1and|E(G)| =n + 2

Let f:V(G)—- {1,2,...2n+2,2n+5} be defined as
follows:

fu) = 2n+5

flu)=2i—-1, 1<i<n

Let f* be the induced edge labeling of f. Then,
fr(vu))=n+3 —i, 1<i<n

fruguy) =1
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f(uzus) =2

The induced edge labels are all distinct and are f*(E (G)) =
(1,2, ..,n+2}. [1]
Subcase(iii): If E*(G) = 3

Let G be the graph K ,, U {u;u,, usus, uu,}. [2]
LetV(G) = {v,u;/ 1 <i <n}and

E(G) = {vu;/1 < i <n}U {uu,, usus, U us}. [3]

Then |V(G)|=n+1 and [E(G)| =n + 3.

Let f:V(G)—- {1,2,....2n+3,2n+ 6} be defined as
follows:

f(uw) = 2n+6 [4]
fw) =2i—-1, 1<i<n

Let f* be the induced edge labeling of f. Then,

frvu)=n+4 -1, 1<i<n

fr(uup) =1 [5]
fr(uzus) =2

[ (uquy) =3

The induced edge labels are all distinct and are

FYE(6) = {1,2,..,n+3). [6]

Hence, from all the above three subcases, it can be concluded
that adding up to 3 edges to the graph K, retains the Near
Skolem Difference Mean property of the graph. [7]
Case(ii): Let G* be the graph Ky, U {e = uyu;44,1 <0 < 4}
ThenV*(G*) = {v,u;,1 < i <n}and [8]
EY(G) ={vy; 1 <i<nju{wu,,/1<j<4}

Then [V(G*)| =n+1land |[E(G*)|=n+ 4 [9]
Let f:V(G*) - {1,2,...2n + 4,2n + 7}

Lete=uv €€ E(G)withl < f(w) < f(v) <2n+7
Now, two subcases arise:

[10]
Subcase(i): Suppose, M =n+4.
This implies, |f(v) — f(w)| = 2n + 8.
This implies f(v) = 2n + 8 + f(u). [11]
=2n+8+ 1.
=2n+9.

Subcase(ii): Suppose, w =n+4

This implies, |[f(v) — f(w)| =2n+8—-1
This implies, f(v) =2n+ 7 + f(uw)

=>2n + 8.
Thus, in both subcases, we get a contradiction, since, by
definition, f(v) < 2n+7.
Hence, G*is not a Near Skolem Difference Mean graph.
Hence, E*(G) = 4.

111. CONCLUSION

In this paper we have investigated and concluded that
a Near Skolem difference mean graph withp = q — 2,
q—1,qand g+ 1 becomes non-Near Skolem difference
mean graph for E*(G) = 1, 2,3 and 4 respectively.
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