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Abstract- In this paper, the strong interval-valued bipolar
fuzzy graphs are introduced. Cartesian product, composition
and join of two strong interval valued bipolar fuzzy graphs are
defined. Some propositions involving strong interval-valued
bipolar fuzzy graphs are stated and proved.
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1. INTRODUCTION

In 1965, Zadeh [10] introduced the notion of a fuzzy
subset of a set. Since then, the theory of fuzzy sets has become
a vigorous area of research in different disciplines including
medical and life sciences, management sciences, social
sciences, engineering, statistics, graph theory, artificial
intelligence, signal processing, multiagent systems, pattern
recognition, robotics, computer networks, expert systems,
decision making and automata theory. In 1994, Zhang [11]
initiated the concept of bipolar fuzzy sets as a generalization
of fuzzy sets. A bipolar fuzzy set is an extension of Zadeh’s
fuzzy set theory whose membership degree range is [-1, 1]. In
a bipolar fuzzy set, the membership degree 0 of an element
means that the element is irrelevant to the corresponding
property, the membership degree (0,1] of an element indicates
that the element somewhat satisfies the property, and the
membership degree [-1,0) of an element indicates that the
element somewhat satisfies the implicit counter-property. In
1975, Rosenfeld [8] discussed the concept of fuzzy graphs
whose basic idea was introduced by Kauffmann [6] in 1973.
The fuzzy relations between fuzzy sets were also considered
by Rosenfeld and he developed the structure of fuzzy graphs,
obtaining analougs of several graph theoretical concepts.
Bhattacharya [5] gave some remarks on fuzzy graphs.
Interval-Valued Fuzzy Graphs (IVFG) are defined by Akram
and Dudec [4] in 2011. The complement of a fuzzy graph was
defined and discussed by Mordeson and Nair [7], M.Sunitha
and A.Vijayakumar[9]. Recently, the bipolar fuzzy graphs
have been discussed by M. Akram [1,2,3]. In this paper, we
introduce the notion of Strong Interval-Valued Bipolar Fuzzy
Graphs (SIVBFG).

I1. PRELIMINARIES

In this section, we first review some definitions of undirected
graphs that are necessary for this paper.
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Definition 2.1[12] Recall that a graph is an ordered pair G* =
(V,E), where V is the set of vertices of G* and E is the set of
edges of G*. Two vertices x and y in an undirected graph G*
are said to be adjacent in G* if {x,y} is an edge of G*. A
simple graph is an undirected graph that has no loops and no
more than one edge between any two different vertices.

Definition 2.2[12] A subgraph of a graph G* = (V,E) is a
graph H=(W,F) where WE Vand FE E.

Definition 2.3[12] The complementary graph &*of a simple
graph has the same vertices as &*. Two vertices are adjacent
in ¢* if and only if they are not adjacent in &~

Definition 2.4[10] A fuzzy subset x on a set X is a map
u:X—[01] A map u:X¥ =X —1[01] is called a fuzzy
relation on X if ulx,y) < ulx) Auly) for all xy € X. A
fuzzy relation @ is symmetric if ulxr, v) = uly, xJ for all x,y €
X.

Definition 2.5[13] Let X be a non empty set. A bipolar fuzzy
set B in X is an object having the form

B = {{x,lu‘: {.r:],lu"r{x:]ﬂx £ X} where u® : X - [0.1] and
w2 ¥ — [-1,0] are mappings.

Definition 2.6[1] A bipolar fuzzy graph with underlying set VV
is defined to be a pair & ={A4.E} where the functions
wgtV = [0,1] and y4:¥ — [-1.0] denote the degree of
positive membership and negative membership of the element
= € V¥ respectively, the functions ug:E SV =V — [0.1]and
ys:E SV x W= [-1,0] are defined by
pp(xy) = min(u (), u,(x)) and

¥s(x.v) = max(y (), 3, (x)), ¥(x.y) € E.

Definition 2.7[1] A bipolar fuzzy graph & = (A, B is called
strong bipolar fuzzy graph if

wp(x.y) = min(p (), u,(x)) and

¥ (% y) = max(y (2,3, (=) ), ¥(x¥) € E.

I11. STRONG INTERVAL-VALUED BIPOLAR FUZZY
GRAPH

Let D,[0,1] and D,[-1.0] be the set of all closed
subintervals of the intervals [0.1] and [—1.0] respectively and
elements of these sets are denoted by uppercase letters. If
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P e [0.1] and Ne [-1.0] then these can be represented as
P =T[F.P;,]and N = [N_. N ] where the suffices L and U are
the lower and upper limits of the respective intervals.

Definition 3.1 An interval valued bipolar fuzzy graph with
underlying set V is defined to be a pair & = (4, B} where

1) the functions P:V — D,[0,1] and N;:V — D,[-1,0]
denote the degree of positive membership and negative
membership of the element = € V' respectively.

2) the functions Ps:E SV =V — D, [0,1] and
Ng:EcSVx V- D,[—-1,0] are defined by
P (x,y) = min (P (x), Py (y)) and
Ngy (x,y) = max (N (), Ny ()
Psy (=, .‘}’:] < min '::Rw {-’-':]434.'..' {J’:]} and
Ngy(x,y) = max {NAU () Ny () } v(xy)eE.

Here after, we use the notation xy for (x,y) an element of E.

Definition 3.2 An interval valued bipolar fuzzy graph
G = (A E) is called strong interval valued bipolar fuzzy
graph if

Py Cx,v) = min (B (x), Py () ) and

Nz (x,9) = max {f'ufﬂ{.r:],f'ufﬂ{y:]}

Pay Gx,y) = min (P (), By ) ) and

Ny (x,3) = max (N (), Nay (3] ) ¥xy € E.

Example 3.1 Figure 1 is an example for IVBFG, ¢ = (4. E)
defined on a graph G*={(V,E} such that
V= Ilx,vwzh E = [xy.yz.zx} A is an interval valued
bipolar fuzzy set of V and let B is an interval-valued ipolar
fuzzy set of E =V = V. Here

(0.5,0.7)(-03,-0.1)

(0.3.0.6)(-0.2,-0.1)
(0.3,0.5)(-0.2,-0.1)

(0.6,0.7)(-0.3,-0.1) (0.3,0.5)(-0.2,-0.1)  (0.4,0.6)(-0.4,-0.2)

G
Figure 1
A= 1( [I—EJUSS—UU?]HJ ([}— u?;—ﬂnj.’l]} ([z—t[f:—uné]z] J}

o ={(Zaz o) oz o) (Eaz i)
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Example 3.2 Figure 2 is an SIVBFG & = {4, E7), where

A= [( x,[0.5,0.7], ) ( y, [0.6.0.7], J( z,[0.4,0.6], J}

[-0.3.-0.1]/ " \[—-0.3, —0.1]/" \[-0.4, —0.2]
, [005,0.71 (yz.[0.4,0.6],
&= I(J[ringﬁ—?] .?1]) ’ (:[Lingt}—% i] J (J[Ciﬂ[.ginﬂ?] ]}

(0.5.0.7)(-0.3,-0.1)

(0.5,0.7)(-0.3,-0.1)

(0.4,0.6)(-0.3,-0.1)
G

(0.6,0.7)(-0.3,-0.1) (0.4,0.6)(-0.4,-0.2)

Figure 2

Definition 3.3 Let A4; and A, be interval-valued bipolar fuzzy
subsets of ¥, and ¥, respectively. Let E; and E; interval-
valued bipolar fuzzy subsets of E; and E; respectively. The
Cartesian product of two SIVBFGs &; and G, is denoted by
G, % G; = (A, x A, B, % B;) and is defined as follows:

1) (Pyy % Pagg) (epxs) = min (Payy Ceg) Pay ()
(Bayw % Payys)Ceyx) = min (By, Gy By Ce2))
(Napp % Ny )Grax2) = max (N, p ey, Nayy Gea))
(Naywr % Nayw ) Crp.x2) = max ( Ny (e, Ny G

v, eV, x, e W

2)

{Pﬁil * PB:L]'{{-’CJ %), {.r;y:]} =
min (P.qiz':xl PB:L':I:J.‘}’::])

{Pﬁii-‘ X PB:L'}{{xe::]J {J.’,_‘}?::]} =
min (P.qi b {-r:]-'PB: L'{-r:u‘}"::])

'[Nﬁiz X NB:L}{':L xg), Cx, .‘J-"::]}I =
max (NA,_L (e, Ngp (a3 j)

(N, 1 % N )G, x20 CGeyy)) =
max (NAL e Na y E% ])
Vx e V.xm e K
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3)
{Pﬂii'., X PB:L}{{xLJZ:]J (v, 3:]} = min (PﬂiL{KLJFLJJPA:L{zj)

{Pﬁii-‘ X PB:L'}{{xLJZ:]J {leZ:]} =
min (Ps, o (ry 30). Py 2

(N3,2 % N3, )(Gry.2), G, 2)) =
max (*n"rﬁlL{leyl:]J*n"rA:L{fz:] )

{;hirﬁi o= ;ﬁirB:L- }{{x 1_.2:].- {_‘fj__. z:]} =
max (Nﬁi (1.9, 0, Ny (2) )
Yz el x,wek

Proposition 3.1 If &; and G, are the strong interval valued
bipolar fuzzy graphs, then the cartesian product &; = G5 is a
strong interval valued bipolar fuzzy graph.

Proof:

Let Gyand &, are SIVBFGs, there exist x;v € E;,i = 1.2
such that

Ps. lj’Lj = min {PA[L{XJJPA[L{}’J)JE = L2

Py Crpye) = min (Byy (e ) Pyy () 1= 12

Nﬂb'ixl- _‘J."l:] = Mox (PHTA‘_’{I :] J.nirA.l {J-‘l:]) A= 1_.2.

Ny Cri33) = max (N Ge) Ny ) i = 12,

Let

E =

{Grx) Geyp ) o e Viuxgyy € B3 ullx,.z), (.20 /
vzeW,xn e}

Consider, (x, x;),(x, ;) € E, we

have

{PﬂiL X P.B:L}{'ixs-'r:l':xs.‘}’: j} = min {PﬂiL{leB:L{f:sJ’: j)
= min (P.qi:,':'x:]JPA:L{I:]JPA:L{}’:]J

Similarly,
{Pﬂii-‘ * PB:L'}{{IJ xa), {x,y:]} = min (PA;U'{I]:PB:L'{I::}’:])

(Paye % Py ) (e 2)) = min (By, 1 G, )P, 1 (7))
{PAii-‘ * PA:L'}{{ILJIEJ} = min (PAii-'{xilPE:L'{-r!:])
(Paye % Py )(Crp32)) = min (Pap (e3P 1 )
{PAiU ® PA:L-}{{xL,y:]} = ‘min (PAi vlx).Ps (}-‘:])
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min {{P.qlr..' * PA:U}{xﬁx:jF{PALU * PA:L‘}{:’:J .‘}’:jjz

min (min (By, (), Ba,p Gxz)) smin (Ba,p (), B Ga)) )
= min (P.qir..' {IJJPA: L'{x::]FPA: o ':.‘}’::])

Hence,

'::PﬁiL X PB;L}{{xJ x::], (x, .‘}’::]}

= min ({P.qi:, X PA:L}{IJ:]J {P.qi:, X PA:L}{KJ .‘}’:j)

{Pﬁih‘ * PB:D'}{{xfx::]-' (x.y))

= min ({PAiﬂ XPA:L'}{IJIE:]J {PAii-' XPA:L'}{IJJr!j)

Similarly we can show that

'[Nﬁir, * NB:L}{{:‘-' x50, (o))

= max ([NAiL * NA:L}{IJI 2). {NAiL * NA:L}{IJ }’:])

'::Nﬁi o X NB;L' }{{x,x::], (x, .‘}’::]}

= max ({NA@' ® Nyy }{;r, xg), {N.qi o X NA:L:}':XJ .‘}’::])

Hence &, = &, is a strong interval valued bipolar fuzzy graph.
This completes the proof.

Proposition 3.2 If &; = Gzis strong interval valued bipolar
fuzzy graph then at least &, or &z must be strong.

Proof: Suppose that &; and &; are not strong interval valued
bipolar fuzzy graphs, there

exist Let G;and G, are
xy € E, i = 1,2 such that

Ps,p Criye) < min (Pyy ). Pyy 0)) .1 = L2
Pgp(xp i) < min (PAL-L":XI:]JPAL-L":}’E:]) =12
NB {xl- _‘}-‘l':] F maox (NAL-L{IL':]* P"i.dl-},{yi:]) =12,
Nﬁlu oY) = max {""i.ql-u':'-fil Now '::.‘}’ijjl =12

SIVBFGs, there exist

Let

E=

{2y Gy ) ¥ € Vxgy; € Ep 30 i(x.2), Oy, 2) /
wzeW.x,w eE}

Consider,Cx, x, 1. (x, v, ) € E, we have

= Gon(# L3 73 O G Bl 1y (P () P ae)

= min {PAiL{;ﬂJPA:L{I:IPA:L{}’:H
Similarly,
I[Pﬂii_. x Py, o (G x50, (x, 7)) = min (PA;.,- (x), P, -.J'EI::}"::])

= min (PAi,-_,- (), Py s Py ':.‘}’::])
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(Peys % Pag)((xex2)) = min (B, (e 0. P5, ()
(Payir % Payo ) ((ry.x2)) =mmin (Py, y(x). Py, (x2))
{PAiL ® PA:L}[{ILJ ¥)) =min (PAiL{IilPB:L{J’: ])
{PAiU ® PA:L-}{{.r,_,y:]} = ‘min (PAi vlx).Ps (}-‘:])

min {{PA1 v X PA:L'}{J‘-J x3), {P.qi v X FPay }{.r, }’:j) =
min (m:'ﬂ (PAi u &],PA:U{.&::]) Jmin (P,qi-.; (x), P,y {)’:]U

= min (PAi-,,- (), Py, yCxa ). Py {J’:j)

Hence,

{PﬁiL ® PB,L}{':-rf x50, (xoy))

= min {'[P.qi:, = PA:L}{xe:l {P.qi:, = PA:L}{IJ .‘}’:j)
{Pﬁii-‘ X PB:L'}{{LJ:::]J ':.1’,_‘}1'::]}

= min ({PA“-_,- X Pa, o) x2), {P,qi-.,- * PA:L-}':L ¥z :])

Similarly we can show that

'[Nﬁir, * NB:L}{{X-' x50, (o))

F max ([NAiL * NA:L}{IJI 2). {NAiL * NA:L}{IJ }’:])
'::Nﬁi o X NB;L' }{{x, .r::], (x, ¥ :]}

= max ({NA@' ® Nyy }':x, xg), {N.qi v ® Ny }':x, ¥ :])

Hence, &y = iG; is not strong interval valued bipolar fuzzy
graph, which is a contradiction. This completes the proof.

Remark: 3.1 If &; is a SIVBFG and &=is not a SIVBFG, then
Gy * G; is need not be a SIVBFG.

Example 3.3

Let G, = (A,. B,) be a SIVBFG,
where

A=

{[a{n 6,0.7),{—0.3, —0.1]1, [b, (0.6,0.7), (0.3, —0.101}

and B, = {[ab, (0.6,0.7),(—0.3,—-0.1)1}, &, = (4,.B,) isnot
a SIVBFG,

where

A=

{le. {n 4,0.6), (—0.4, —0.2]], [d, (0.4.0.6), (—0.4, —0.22]}
and B, = {[cd. (0.3.0.5), (0.3, —0.1)]},

G, % G; = (A, % 4;.B, % B;) isnota SIVBFG.
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(0406)0391) (03050300 (0405)(03,01)

1 CO60MA301) ¢ O0406)04:02) &)

060793:01) (0305)03,0.) 0406)03-01) (04.06)-0340.1)

b G631 4 O0406/04-0) (o) (bd)
03.01) 3030301 0406)03:00)
o 0 (04,06)030.) (040.6)(030.)
GIxG2
Figure 3
Example 3.4
Let r:1 = (A;. B,) be an SIVBFG, where
A=
{[a{n 6,0.7), (—0.3, —0.1)]1, [b, (0.6.0.7),

(-0.3, —0.101}
and B, ={[ab, (0.6,0.7),(-0.3,—0.101}, &, = (4,. B,) is not
a SIVBFG, where
A, =
{le. {n 4,0.6), (0.4, —0.2)], [d, (0.4.0.6), (0.4, —0.23]}
and By = {[ed, (0.3,0.5), (—0.3, —0.1]]},

G, x G, =(4, x A, B, x B,) is a SIVBFG.

0406(03-01) O40610301) (0406)93.01)

2 Q0408402 ¢ D807 (s O(ad)
(0406)0301)
(0408)44:02) 0341
(0308)03:01) 0406 (13401 (1406(43:01)
(0405)03.01)
04080402 4 QO80T(L3A) (be) L 0d)
(040§0301) (40860300)  0408¢0341)
6l th
6I°G2
Figure 4

Proposition 3.3 Let &, be a strong interval valued bipolar
fuzzy graph. Then for any interval valued bipolar fuzzy graph
G: ’

Gy = Gy is strong interval valued bipolar fuzzy graph iff
PﬁiL{xl:] = PaiL':x:.‘}’::]’ N.qi:,':-rlj = NﬁiL':x:.‘}’::]*

Py ylx;) = Py, Gegypd Ngyp(aey) = N, Gegyy)

vx, eV, xm EE;

Definition 3.4 Let 4, and A4; be interval-valued bipolar fuzzy
subsets of I} and V; respectively. Let E,and Einterval-valued
bipolar fuzzy subsets of E; and E;respectively. The
composition of two strong interval valued bipolar fuzzy
graphs G; and G; is denoted by G, [G;] = (4, = A;, B, = B;)
and is defined as follows:
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1)
{P.qif, 2 PA:L}{lex ::] = min (P.qi:,':-ril PA:L{I:])

(Payy s Pap )0 x2) = min (Pyy (10, Py (x))
'::NAiL ° NA:L}{IPI::] = max {NﬁiL{xljJNA:L{x: j)
'[NA;“' @ Ny } (ry.x5) = max (NAi p . Nyo Crs ])

Vi, el x, e}

2)
{Pﬂif.. QPE:L}{{IJI!:]{IJJ’!]} = min (PAlz{I]sPB:L{I:J’:])

[Pﬂib' ¢ PB:L'}{{IJI!:]{IJJ’! :]]' = min (Pﬂii-'{leB:L'{-rﬂr!j)
'[Nﬁiz 2 N.E‘:L}{{x* ;r::]'f;_r, ¥ :]} = max (N.-tif.,{x:] . NB:L':I:.‘}’: :])

'[Nﬁi " NB: u }{{L .r::]".:.r,y: :]} =
ox (NA,_ e Nay () )

vx e.xm E K

3)
(Ps,1 @ Payy ) (Gry, 2) (g, 2)) = min (Pa, (i3, Py (2))

{Pﬁii-‘ 2 PB: L'}{{xl-'z] ':.‘J-’LJZ:]} = min (Pﬁi L'{-riyll PA: u ':2-':])

l::NBiL 2 NB:L} {':-’-'142:] ':}‘1, z) } = max {NﬁiL{IL}El NA:L{Z:] )
{Nﬂi o " NB: u }{':-1'1_42:] ':_}‘1_, Z:]} = max (Nai u ':'-1'1.‘!?1:]: NA:L‘ {2-':])

WzelW.x,w ek
4)

{PﬂiL OPE:L}{{XLJIZ:]{_YLJF::]} =
min (PA:L{IZ:]JPA:L{FZ :]J*pﬁiL{-rlyl:])

{Pﬁ“ii.-‘ ° PB:L'}{{-HJ-’C:]{JFLJ)’:]} =
min (PA: L'{-r::]JPA: vz, Pg, L'{xlyl:])

'[Nﬁiz 2 N.B:L}{{-rl-x::]{hs}’::]} =
max (NA:L I1-3'5::]““"5:&:, (), *n"rBiL{-rL‘}’j.:])

'[Nsi v Nep }{{-’CL:-‘ 2, vz ]} =
max (NA: ylra), Ny (), Ney ':-1'1)’1:])
wix,x, )0y .)€ EY — E where
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EY = FU {(xy. 2, 003, w)lxyyy € EpLxp #95)
The following propositions are stated without their proof.

Proposition 3.4 If Gy and Gz are the strong interval valued
bipolar fuzzy graph then the

composition Gy = &, is a strong interval valued bipolar fuzzy
graph.

Proposition 3.5 If &, = &, is strong interval valued bipolar
fuzzy graph then atleast &,
or &z must be strong.

Example 3.5

(0406)03.01) (0305)(03:00) (0.406)-03,0.1)

2 O060DA301) ¢ a9 ()

(040.6)(04:02)
(040.6(0301)

(0.6,0.7(-03,0.1) (03,05)(-0.4,0.2) 0406(03:01)

(04,06)03-0.0)

(.406)-03:01)

b 06070301 d O 0406)04-02)

(be) O 004
Gl @ 04080300 (0309)(0301)  (0406)(-03,0.)

G1°G2

Figure 5

In this example, G, is an SIBFG and G5 is not a SIBFG, then
&, = G; isnot an SIBFG.

Example 3.6

(0406)03:01) 0406)-0301) (0408)4341)

2 C040804:02) ¢ O(0607300) (@9 (d)

0406)934.)

(1406(9402) (0306)9341) (1406)93.01)

(0408)0301)

¢ Lo 0406)9341)

b {0406)04.492) (be) bd)
0300 040600301 (04060341
o 0 (0408)03-01) (0408)0301)  (04.08)0301)
61°@
Figure 6

In this example, G, is an SIBFG and G5 is not a SIBFG, then
G, = G; is a SIBFG.

Proposition 3.6 Let &; be a strong interval valued bipolar
fuzzy graph. Then for any interval valued bipolar fuzzy graph
G,, G, [G,] is strong interval valued bipolar fuzzy graph iff

Py () = P Gegypdy Nyyp () 2 Np (o),

P.qi iy {.r,_:] = PﬁiL{-r:.‘}’::]s NAiu{xij = NBLL{-":.‘}’::]

Wi, e W.xm € B,
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Definition 3.5 Let 4, and A; be interval — valued bipolar
fuzzy subsets of I, and I, respectively. Let E; and
Ejinterval valued bipolar fuzzy subsets of E; and E;
respectively. The join of two strong interval valued bipolar
fuzzy graphs Gl and G2 is denoted by
G, + G, = (A, + 4,.B, + B,) and is defined as follows:

1) '::P.qif_ +PA:1}':-1':] = {P.qi:, +PA:1}':-I:]
'[P.qir.-' +PA:L'}':-1':] = {P.qiu +PA:L'}':-1':]
(N + Nan ) ) = (N 48, ) ()
(Na,o + Ny )G) = (N + Ny ) )
ifxell U

2) {PﬂiL + P.B:L}':x.‘}’:] = {PﬁiL u PE:L}':IJ’:]
{Pﬁih' ‘|'PB,L.'}':XJ’:] = {PB{L-' UPB,L.'}':XJ’:]
'[Nﬁir_ + NB,L}':XJ’:] = '::Nﬁii N N, )y
'[Nﬁi vt Ngp )Gxy) = {Nﬁi v N Ng,p )Gey)
ifxye E, UE;

3) {PﬂiL + P.E‘:L}{-ry:] =min {PﬂiL{x:]JPB:L{x:]}
{Pﬁi vt Fs o Jxyd = mf“'[*pﬁi w(x), Payy =)
'::Nﬁii + NB,L}':XJ’:] = max {NBiL{x:]-' Ng, 1 (x )
'::Nﬁi vt Vg }':-r}’:] = mox {Nm y ), Ng,y {x]}
ifcy e E'

The join of graphs ;" and G;” is the simple graph
G+ 6" =0 U, E U E UE") where E' is the set of all
edges joining the nodes of ¥; and ¥;. In this construction it is
assumed that ¥, n¥; = @

Proposition 3.7 If &, and &; are the strong interval valued
bipolar fuzzy graphs, then &; + &, is a strong interval valued
bipolar fuzzy graph.

V. CONCLUSION

In this paper, Cartesian product, Composition and
Join of two SIVBFGs are discussed. Our future plan to extend
our research to some other operations on interval valued
bipolar fuzzy graph.
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