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Abstract- In this paper, we investigate the oscillation of higher

order delay differential equations with impulse of the form
n

X(m)(t)+(t)X(m71) o+ Z PioX (g;m=0 =1, t#1 .

i=1

xDet, xD ity -a xD it j=0,1,2,., m-1

Where X, ( t+ ) = ||m

x—0"

X(t +h) —x(t,)
h ,

X,(tk_): Xl(tk) — “m w‘]

x—0"

An example is given to illustrate the main results.
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1. INTRODUCTION

In recent years, there has been an increasing interest
on the oscillatory and non-oscillatory behavior of the solutions
of impulsive delay differential equations attracted the attention
of many growing researchers. Then there are only a few
papers on higher order impulsive delay differential equations.

In this paper, we consider a kind of higher order
impulsive delay differential equation. Some sufficient
conditions for all bounded solutions of this kind of higher
order impulsive delay differential equation to be non-
oscillatory are obtained by using a comparison theorem with a
corresponding non-impulsive differential equation. Our results
generalize and improve several known-results.
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XM () + ()XY (1) + i pMx (g M) =0t2t,, t=t,

XDty -x (1) =a, xV (t),j=0,1,2,3......,m-1 (1.1

Where x' (t*) = lim w
x—0"

X ()= X (t,) = Iir}qw

And the delay differential problem

y" () +a(t)y" () + i P [T @Q+a)?y(@®)=0, t=t

gi (1)<t <t

We assume the following:
(H)) 0<t, <t <.....<t, <....arefixed point with 1imtk =o0;

(H,) f:[t,—7,40)xRxR — R is continuous
(H,) a, p, € ¢([0,),R), i=1,2,..,n, are Lebesgue measurable and
Locally essentially bounded functions, R is the real axis;
(H,) g, € c([0,»),R), i=12,....,n,are Lebesgue measurable
functions and g, (t) <t satisfies !me g,() =oo;
¢
(Hy) !L@Jtﬂs%ds:wo.

(H,) {ak } isasequence of constants and ¢, > —1.

Definition: 1.2

For nay 7, 20 and ¢ € ¥,a functionx :[7,,0) - R
is said to be a solution of (1.1) on [ro’,oo) satisfying the
initial value
condition

X(®) =4(1), ¢(z5)>0, ¥(O) = [T @+ ) x(0)

to<t <t

if the following conditions are satisfied:
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. Xsatisfies (1.1) ;

» Xis absolutely continuous in each interval (7, +t,), (t.,t.,),
kK >Ky, k, =min{kit, >z}, X(t,)exist and X(t,) = x(t,),
the second condition in (1.1) holds;

* Xsatisfies the first equation in (1.1) almost everywhere in (rg,oo).

Definition: 1.3

The solution X of system (1.1) is said to be non-
oscillatory if it is eventually negative or eventually positive.
Otherwise, it is said to be oscillatory.

By a solutiony of (1.2) on [ro’,oo) we mean a function
which has an absolutely continuous derivative y'on[z, , ),
satisfies (1.2) a.e. on[z,,o0) and satisfies (1.5) on [7,,1,].

In this paper, we always suppose 7, =7,,7, ={,.

1. MAIN RESULTS

In this section we shall establish theorems which
enable us to redu-oscillation and non-oscillation of (1.1) to the
corresponding problem (1.2).

Theorem: 2.1

Assume that (A )—(A,) hold.

i).If y is a solution of (1.2) on[t;, ), then X(t) = TT L+, )y(t)isa

to<t <t

solution of (1.1) on[t;, ).

ii). If Xis a solution of (1.1)on[t, , o0, then y (t) _ TT @) ix@isa
o<t <t
solution of (1.2)on [t;, ).

Proof:

First we shall prove (i). let y be a solution of (1.2) on

xt)= ] @+e)y( hasan

to<t <t

[t,,0). Then

absolutely continuous derivative X on  (t;,t,),[t.,t.,),

k>0.Forany, t=t, ,t>t,,itiseasyto prove that
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X"t = [T @+e)y™ )

to<t <t

=11 (l+ak){—a(t)y(m'”(t)—2n:Pi(t) I1 (1+ak)'1y(9i(t))}

o<t <t i=1 g; (<t <t

——a® [T @+a)y™ -3 RO []

to <t <t i=1 to <t <g; (Ot

A+a,)y(9;(1)

=-atx" (O - ROX(0).

n
i=1
So we have

x(™ (t)+a(t)x(m’1)(t)+zn: PM)x(g,(t) =0, t>t, t=t, .

i=1

and

XVt )= ] @+e)y’,)
o<t <tmg

then

X(j)(tm) _ (l+ak)X(j)(tm7),

Which implies that x solves the second condition in (1.1).
Hence

X(t) = H (1+ak)y(t) is a solution of (1.1) on [ta,oo).

to<ty <t

Next we prove (ii). Let X be a solution of (1.1). we prove that

y"Om) = T Q+ea)™x™()

to<t <t

y(t) = H (l+0tk)71X('[) is a solution of (1.2) on ['[6,00).

to<t<t

forany T 21, t#t t>t, ",

y M) = [T a+a)™x™()

=11 (1+ak)1{—a(t)y<m“ ©-Y R(t)x(gia))}

=-at) [] @+a)™x"O->P® [] @+a)*x(g;®)

to<t <t i=1 g; ()<t <t

——a@y™®-Y PO [T @+a) vg0)

i-1 g; ()<t <t
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i YOt = T Qra)xV(,),

to <ty <ty

o) =TT @ra)™x¢,)

to <ty <tm

[T @+a)*@+a,) xV,)

o<t <tny

= [1 a+a) ™ xt,)=y",).

to <t <t

So y(t)= H (L+a,) ' X(t) is a solution of (1.2)

to <ty <t
on[t,, ). The proof is therefore complete.
Using Theorem 2.1, we obtain the following results.

Theorem: 2.2
Assume that(H, ) — (H,) hold. Then all solutions of (1.1)

are oscillatory (non-oscillatory) if and only if all solutions of
(1.2) are oscillatory (non-oscillatory).

Theorem: 2.3

Assume that (H, )— (H,) hold. Then all solutions of (1.1)

asymptotically approach to zero if and only if all solutions of
(1.2) asymptotically approach to zero.

t
Let r(t) = exp(j a(s)ds). then (2.1) reduces to the problem
0

(ry(m’l))l(t)+r(t)zn: RO [T @+a)’v(gi(®)=0 t>0 1

i-1 g; (<t <t

Theorem: 2.4

Assume that (H,)—(H,) hold. Moreover, suppose that

(Hs) IT @+ey) is bounded and |iminf T a+e)>

to<t <t X fo<test

(HG) pi(t)ZO,iZLZ,..,,

) J17

1
<i
4

ol TO%p@ T (ra) s,

g; (u)<t<u

do, do, <= (22)

Let y denote the locally convex space of all continuous
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functions y € C([To,0), R ) with the topology of uniform

convergence on compact subintervals of [T ,o0). Let

F:{er :%S y(t)Sz?y,tZTo}, where y > Qis an

orbitrary given constant.

We note that T is a closed and convex subset of Y
and it is non-empty.

Now, we defineamap V:I" =Y by

Y y)),t>T,
(vy)(®) =
%,TO <t<T,

Om-2

Where (Qy)(t) = j j ...... I ()Ir(u)z p, (U)X

x [] (+e) y(g®)du....do, ,

g; (u)<t <u

First we verify VI' < I'. For ally e I', it is obvious that

VycTforT, <t<T.  Whent>T, combining (2.2)

we get
2 t Omo
WET e j jr(u)Zp(U)x
2 34 9 r(s)s
X (l+ak) du....do,, ,
g; (u)<t <u
voarl_ 2y
2 3 4 3

So V maps ["intol". On the other hand,  {vy }is
uniformly bounded. The continuity of V I" — T"is verified as
follows: lety, € I', y e T'with N €{1,3,..., m-1}

limy =vy. for any &€ >0, there exists a positive integer
X—0
N, such that | y,

=y|<4e for nay

n > N, . In particular,

1Y, -ygi())|<de, n>N,, t>T

0"
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Hence

t Oma

« [T @+e) 1y,00-yg®)|du..do, do,

g; ()<t <u

T

< [T (+e )71 du..do, do,,

gi (u)<t <u

< 48.1 =¢&.
4

So we know that VmapsI continuously into a
compact subset of I". Therefore, by Schauder-Tychonov’s
fixed point theorem, V has a fixed point y in I". Itis easy to

check that the fixed point y inI". itis easy to check that the

fixed point y is a solution of (2.1). so (1.2) has a boundary
non-oscillatory  solution y. By Theorem 21,

= H (I+«,)y() is a bounded non-oscillatory

ty<t <t

solution of (1.1). using condition (H.)we eventually

getliminf | X(t) |> 0. the proof is therefore complete.
tow

Next we shall give an oscillation criterion for (1.1) .
suppose Mis a given even number. First we some lemmas
whose proofs are omitted, because their proofs are similar to
[14] but without impulses.

Lemma: 2.5.

Let y be a given solution of (2.1). suppose that

3T >0st X(t) >0, X(i)(t) <Ofort>T. Moreover

suppose  that  (H,)—(H,)and(H;) hold and

(Hs)J.%dS =0, Then 3T, >O0such that
T r(s

X ()>0(<0),t>T,.
Lemma: 2.6

Let y be a given solution of (2.1). Suppose that
3T > Osuch that X(t) >0, X(i)(t) <0fort >T. moreover
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suppose that (H,)—(H,)and (Hg)hold. Then 3 T,>0

such that X~ (t)>0t>T

Lemma: 2.7.

Let y be a given solutions of (2.1). suppose that
3T >O0such that x(t) >0fort>T . moreover suppose

that  (H,)—(H,),(Hy)and(Hg) hold. Then
AT,>Tand N e{l,3,...,m—1}suchthat  fort >T,
x"(t) >0, i=0,12,.,N:
D)x xO ) >0, i=N+LN+2,...m-2;
x™(t) > 0.

Let g(t) = min g, (t).

1<i<n0

Theorem: 2.8 Assume that (H,)—(H,) (H,) and(H,) hold, and

(H,) g;has an absolutely continuous derivative g;on(tow),and g;>0;

(H) [/ R0 ] (ra) ds=

g; ()<t <s
(H;;) 3G>0suchthat r(t) <G.

Then all bounded solutions of (1.1) are oscillatory.

Proof:

We only need to prove that all bounded solutions of
(2.1)are oscillatory. Suppose that the assertion is not true.
Without of generality, we may suppose that there exists

T >Osuchthat y(t) >0for t>T.

First we consider the case when N=1. From Lemma 2.7, we
get

y'(-t)>0,y"®) <0,y" () >0,...., y!
s0(y(g; (1)) = y'(9,(®) g, () >0,

") >0,t>T".

Which implies  y(g;(t))is increasing in t for t>T".

therefore, for t >T'
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YO =-r®> p® [T @+a)’ vig®)

i=1 g; (s)<t, <t

s—r(t)i o T (1+a)™ y(a (™))

g; ()<t <t

[T 1+« )_1

g; ()<t <t

<RI p.()

WhereR = y(g(T')) >0.We
byt™*and integrate on[T’,t)to find

t

j s" Y (ry™ VY (s)ds

T

s-RjTt,tm-lr(s)i ps) T (+e)”

()<t <s

2.5

On the other hand, combining (H,,), we have
=gmty™ (S)‘Tt, -G(m-1)x

x{ "2y ()] - (m-2) s"dy"(s) |
="y (s) ‘TF —~G(m-1)s™2y™2(s) ‘TF

~(M-1)(m-2)s™*y" I (s)|!

+Hm-1)(m- 2)(m—3)j s"ty™I(s)

m-2 ] m+iw
G TyOM) D"

i=0

Considering this and the fact that m is an even number,
we get
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—

Smfl (ry(mfl) )/(S)ds

—

> tm—ly(m—l) (t) _ (Tv)m—l y(m—l) (-l—v) _ G X(t)(—l)mﬂ(m—l)!

. (m=1)!

m-2 M+i+1
+G Yty (t)(-1) "
i-0

. (m=1)!

63 (MO M-y T

uky Lo maisa(MD!
>(T)"Hy" (1) - Gym-DH G Y (T) y(T)(-1)  *

i=0
multiply(2.4)
In view of (2.4)(2.5),we obtain

(m-1)!

—(T)™y" (T -Gy())(m-)H+G Z Ty

2—RLtvtm’1r(s)i e J1 (1+ak)71

g; (u)<t, <s

So using (H,,), we obtain y(t) — oo ast — oo, which is a
contradiction.

Next we consider the case when
y'(t)>0,y"(t)>0,t >T,so y'is
t €[T, ). We note

N >1. since
increasing in

y(t) = y(T) + I y'(t)dz 2 y(T) +y'(T)(t-T).

So y(t) — o, ast — oo, which is a contradiction. The
proof is complete.

The oscillation of higher order non-linear impulsive
differential equations are investigated

XM (1) + (X" O+ 3 pOX (5,0)=0, t2t,, t=t,

i=1
xXV(t)—xY (1) =a xV (), j=0,1,2,3...... ,m-1

x—0"

Wherex' (t*) = lim Xt ) - x(t) Hz_x(tk) ,

X(t)= X () = lim w

When M = 2, (1.1) reduces to the impulsive differential
problem
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t>t), t#t,

X () +a(t)xt (1) + i p. (Y)x(g, () =0,

X(j)(tk)—X(j)(tk_)=0£kX(j)(tk_), j=0,1,

Oscillation and non-oscillation has been extensively
investigated in

When m=2, g,(t)=t,
impulsive differential problem

X" (1) + a(t)x' (t) + p(t)x(t) =0,

N=1, reduces to the

t>t,, t#t

0

X(j)(tk)—X(j)(t;)=akX(j)(t[), j=0,1,

Oscillation and non-oscillation has been investigated
7, = min inf g (t). Let

I<isn—owo t27
¢:[r0, 7] >R,
k, =min{k/t, >7,}, which are bounded and Lebesgue

For any 7,2=0, et

Y denote the set of functions

measurable on [7,,7,].

AN EXAPLE:

Consider the impulsive delay differential equation
X"(t) + (t—7) +arctan|X'(t) [=0, t20, t=0,

-7 <t <0,

x(1) = ¢(t),

Where t., -t >7,k=12,...and
$,¢":[-7,0] = R are continuous.
k+1

andc, =d, =1,k =1,2,.., hypotheses (H,) to (H,) are
satisfied. Note that

Since
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t 0+
. k
lim s = []——=ds
XA)OOIO Tocties bk ty totics k +1
Y k t,
= —ds+ —d —ds+
E[tolt_k[ k+1 tj‘ltk[ Jty
1 1
=t —t)+=(t,—t)+=(t,—t,)+.......
2 3
1 1 1 1
==t —4 4= = +00
2 2 3 4

Thus, (H,) is also satisfied.
Let x(t)andk, =1forall k >1. And since

T p(u)du :T du = +oo,
t t

It follows from that all solutions X(t) is oscillate

111. CONCLUSION

The theory of ordinary differential equation with
impulses has been developed extensively over the past few
years. Although there exists a well-developed oscillation
theory of differential equation with and without delay, the
oscillation of impulsive differential equations with and
without delay seems to have rarely been considered. Finally in
view of the known results obtained for differential equations
without impulses new oscillation and non-oscillation criteria
for higher order impulsive differential equations are derived.

The oscillation of higher order non-linear impulsive
differential equations are investigated

XM+ (OX™ )+ Y pOx (g,0) =0, t> 1t £,

i=1

V() - xD(t) =a xV (), j=0,1,2,...,m-1

Where X' (t*) = Iir(r)] M

X (t)= X (t) = lim M

On applying the suitable impulses, the non-oscillation
equation change into oscillation which is the purpose of this
dissertation. Bring out many interesting aspects in the study of
linear system.
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