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Abstract- This paper attempts to study how the vector spaces
can be used in Fuzzy and the relationship between fuzzy
vectors and fuzzy bases, and also how the fuzzy dimensions
can be used to derive the fuzzy vector. We prove that all finite
dimensional vector spaces have fuzzy bases. Also it is proved
that the two fuzzy vector spaces have the same fuzzy
dimensions, and the summation of two fuzzy vector spaces is
equal to the summation of fuzzy dimensions.
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. INTRODUCTION

In set theory the sets are considered as abstract sets
which are defined as collection of objects having some very
general property. But in fact, most of the classes of objects
uncounted in the real physics work are of fuzzy type and not
sharply defined. Thus they don’t have precisely defined
criteria of membership. In such a class an object need not
necessarily either belong to or not belong to a class: there may
be intermediate grades of membership. This is the concepts of
fuzzy sets, which is a “class” with a continuum of grades of
membership.

The notation of fuzziness is introduced in group
theory, ring theory vector spaces etc and thus fuzzy groups,
fuzzy rings, fuzzy vector spaces are generated.

In this project some algebraic properties of fuzzy
vector spaces are discusses.

I1. PRELIMINARIES

In this chapter some definitions and results which are
needed to develop the project are stated.

Definition 2.1:

A non empty set V is said to be a vector space over a
field F, if V is an abelian group under an operation called
addition which we denote by + and for everya € Fand vE V
there is defined an element v a in V subject to the following
conditions.

MNa(utv)=au+ avMuyvEVanda€F
(i)(a+Pu=(@u+tpuyMu€cV, a,fEF
(iii)o (Pu) = (ap)u ¥u anda,p € F

Page | 228

(ivilu=u, Mu€V.
Definition 2.2:

If V is a vector space over a field F, a non-empty
subset W of V is called a sub space of V if W itself form a
vector space over F with respect to the addition and scalar
multiplication already defined in V.

Definition 2.3:

Let V be a vector space over a field F. let vy,
Vou..... Vy, € V. Then any element of the form a1 Vi + o, Vo +
vee. T 0V, where a; € F is called a linear combination of
the vectors vy, Vs... V.

Definition 2.4:

Let S be a non-empty subset of a vector V. Then the
set of all linear combination of finite sets of element of S is
called the linear span of S and is denoted by L(S).

Definition 2.5:

A set of vectors vy, V,...v, belonging to a vector
space V is said to be linearly dependent over F if there exists
scalars aq, 005... 0., in F not all zero such that, . vq +........ +
on VhZO.

If the vectors vy, V,...v, are not linearly dependent over F,
they are said to be linearly independent over F.

(ie)agvit........ + o, Vo= 0if and only if o;’ S are zero.
i)y =0a,=....=0,=0
Definition 2.6:

The set { vy, V,...v, } of element of a vector space V
over a field F is said to be a basis of V, if the vectors vy, v,
\Z T v, are linearly independent and if V is generated by v,

Definition 2.7:

The number of elements in the basis of a vector space
is called the dimension of the vector space. If that number is
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finite then we say that the vector space is finite dimensional
otherwise it is of infinite dimensions.

Theorem 2.8:

Let V be a finite dimensional vector space over a
field F. let A and B two subspace of V then
dim (A+B) = dim A + dim B-dim (ANB).

Definition 2.9:

A fuzzy set in X is a function with domain X and values in 1.
That is, an element of 1*.

Let A € I* the subset of X in which a assumes non-
zero values is known as support of A.For every x € X, A(x) is
called the grade of membership of x in A.X is called the
carrier of the fuzzy set A.

If A takes values 0 and 1 then A is called a crisp set in X.

Note: 2.10

A member A of I* is contained in a member B of I*
denote A<B if and only if A(x) < B(x), for every x € X.

Definition 2.11:
Let A ,B € 1. We define the following fuzzy sets.

Union : AUB € T* by (AUB)(x)=max{A(x),B(x)}, for every x
€X

Intersection: ANB € I* by
(ANB)(x) =min {A(x),B(x)},for every x € X

Complement :A° € I* by
A°® (X) = 1-A(x), for every x € X.

Definition 2.12:
Letf: XE€Y,A€T" and B € I” then f(A) is a fuzzy setin Y,

Defined by

fA)(y) —{up {AR); x € ()}, if F(y)#0
0 Jif £(y) £0
And f1(B) is a fuzzy set in X, defined by

fLB)(x) = B(f(x)), x € X.
Then,
1. £1(B°) = (F}(B))°, for any fuzzy set Biin Y
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2.f(f*(B)) < B, for any fuzzy set Bin Y
3.A < fY(f(A)), for any fuzzy set A in X.

Definition 2.13:

The product f;*f, : X;*X; — Y1*Y, of mappings,
fi : Xy =Y and f, : X, =Y, is defined by
(fr*F2) (X1,%2) = (Fi(X1),f2(X2))

Definition 2.14:

For a mapping f: X— Y, the graph g :X »X*Y of f
is defined by g(x)=(x, f(x)), for each x € X

Definition 2.15:

Let ACT* andB €T, then by A*B. We denote the
fuzzy set in X*Y for which (A*B) (x, y) = min (A(x),B(y)),for
every (x,y) € X*Y

Definition 2.16:

The power set p (1) of the given set | is the set of all
subsets of .

Definition 2.17:

A non-empty set p, together with a binary relation R
is said to form a partially ordered set or poset if the following
conditions hold.

P1: Reflexivity: aRa of all a € p.

P2: Anti-Symmetry : If aRb, bRa, then a=b where a, b € p.

P3: Transitivity: If aRb and bRc then aRc where a,b,c € p. For
conveience we use the symbol < in the place of R.

I1l. FUZZY VECTOR SPACES
Definition 3.1:

Let E be vector space. Then the fuzzy vector space is
pair E = (E, p) where u : E — [0,1] with the properties that for
alla,b € Rand x, y € E we have

H (ax +by) = p (x) N p(y)

Definition 3.2:

If E = (E, p) is a fuzzy vector space, then we have the
following sets defined as
T, =p" (o), H,=p"((01]) and E,° = u™* ([a,1]) foralla €
R\{0}, n(ax)= pu(x)
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Properties 3.3:

If E = (E, p) is fuzzy vector space then
() H,<H/S<E
(i) If u,v € E and p(u) > w(v) then
u(u+v) = u(v)

Proof :

Let us prove (i) From the definition we have

H =" (o 1])
=>urHH=(e)] — ()

and E "= p([a,1])
= (E )= (1]

from (1) and (2)

(a, DT[a,1]

(i.e) k(o 1]) C wi(fa, 1)
(ie)H," C ES

H Hu < E Hu
C—>Since H ,*, E * are subspaces of E, we have H ,* < E
<E.

—

o

Proof (ii):
Ifu, v€ E and p(u) > p(v) then p(u + v) = p(v) by the
definition of fuzzy vector space we have
pu+v) =p(w) Npv)
2 min (u(w) , u(v))
= p(u)
w(u +v) = p(v)
Also
p(v) = p(u+v-u) = pu+v) N pw)
2min { p(u+v), u(u)}
Zputv) —* (9
From (1) and (2) we have, p(u+v)=pu(v)

— ()

Proposition 3.4:

If E = (E, p) is a fuzzy vector space and if v,w € E
with w(v) # p(w) then
w(v +w) = p(v) N p(w).

Proof :

Since p(v) # w(w)
Then either p(v) > w(w) or w(v) < w(w)

Case (1):

If w(v) > w(w) then

v +w) =wv) — (1)
(by proposition 3.3)
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Case (2):

If w(w) > p(v) then
RV +w) = p(w) — (2)
from (1) and (2) we have
(v + w) =(min p(v), u(w))
= p(v) N p(w)
Proposition 3.5:

If E = (E, p) is a fuzzy vector space then p (0) = sup

w(x) = sup [WE)]
xeE

Proof :

Letx € E, p(0)=p (0x)
ifa e R, then p (ax) > p (x)
1 (0x) = p (x)
> sup p(x)
xeB
1 (0) =sup u(x)
xeB
—>  u(0) =sup [uE)] —— (1)
But sup p (x) > w(x) for all x,u € E, for x=0
sup p(E) = p (0) —> (2
from (1) and (2) we have
t (0) = sup p (E) = sup u(x)
xeB xeB

Definition 3.6: 3)

Let S: P(R+ u{0} — R, u {0}

power set of x such that S(A) = >a
AcA

In case ANR. is uncountable we must have

S(A)=a

{00} whgre p(x) denotes the

IV.FUZZY LINEAR INDEPENDENCE
Definition 4.1:

Let E = (E,u) be a fuzzy vector space. We say that a
finite set of vectors {X,}-,is fuzzy linear independent in E if
and only if {X,}’,is linearly independent in E and for all

{a},isr
N n
BAYaiXi }= Np(aix)
i=1 i=1
Example 4.2:
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Consider E = (R% p) where p[0,0] = 1,
u[0,R\{0}]=1/2 and u(R?| (O,R]) = ¥ .

we shall show that the vectors X = (1,0) and
y=(-1,1) are linearly independent in E. This example also
illustrates a situation where
H(x) = u(y) and p(x +y) > p(x)
Forifx=(1,0)andy=(-1,1)
Consider ax + fy =0
Then a (1,0) + B(-1,1) = (0,0)
(i.e) (@,0) + (-B, p) = (0,0)

(a-B, ) = (0,0)

—>a-p=0,p=0

a=p, p=0

—> a=0,p=0

x and y are linearly independent

nx) = p(1,0) ="

) =p(-11) =%

=y ——— > (D
x+y=(10)+(-11)=(01)
px+y) ="% —>
from (1) and (2)

H(x+y)>ux)

(Le) p(x+y) #p(x) Nuy)
The vectors are not fuzzy linearly independent.

Proposition 4.3:

Let E = (E, p) be a fuzzy vector space. Then any set of vector
{Xi}"-;CE\{0} which has distinct p value linearly and fuzzy
linearly independent.
Proof:
We prove the proposition by induction on N.

If N=1 we have only one vector and clearly the statement is
true. Suppose that the proposition is true for N. then we have
to prove result for (N+1).

N+1
Let {Xi}iz; be a set of vectors in E\{0} with distinct p values.
By inductive hypothesis we have N

{Xi}i=; is fuzzy linearly independent. Suppose that
N+1

{Xi}iz; is not linearly independent.
Then X ns1 = Yax;, where S ({1,2,...N}, S#O and for all 1 €
S, a#0
H(Xn+1) = paixi)

= N p(aixi)

i€s
=N p(xi)
i€s

N
And hence p(Xn+1)€ {p (Xi)}i=1
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N
This contradicts the fact that {Xi}i-; has distinct p values. This

MN+1
contradiction arises because we have assumed that 5% =1 js
not linearly linearly independent.

N+1
Therefore {Xi}i-; is linearly independent.
N+1
Now we have to show that {Xi}iz; is fuzzy linearly
independent. Since, the p values are different and u(x), for all
a #0.

N N

11 [ Yaxi Fo o[ X J=’" uixi)
i=1 =1 =1

MN+1 N+1 N
1} Yam |=u [ ¥ % J=H[Exi—XJ
=1 =1 =1

Yo |0 N

N
= 1M pix;) N p X N+
i=1
N+1
= p(x;)
i=1
N+1
= 1 p(ax;)
i=1
N+1

y[iaixi J = I m{ag;)
i=1 i=1

Remarks 4.4:

If E = (E, p) is fuzzy vector space such that dim E =
n, then| W(E)| < n+1,Where | w(E)| represents the cardinality of
W(E).

V. FUZZY BASES

In this chapter, we shall present a new definition of
fuzzy bases for fuzzy vector spaces.

Let E = (E, ) be a fuzzy vector space and dim E= n.
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Definition 5.1:

Let N denote the set of all natural numbers and let L
be a complete lattice. An L- fuzzy natural integer is an
antitone mapping A: N — L satisfying

A0)=T, » 2A(n) = L, nen

Where T | and L, are the largest element and the smallest
element in L, respectively. The set of all L-fuzzy natural
integers is denoted by N(L).

Definition 5.2:

Let A be a fuzzy set, and define amap [A] : N —[0,1] 3Vn
eN ,

|A| m)=v{a€©1]:|Ap| =n}. Then |A| €N ([0,1]),
which is called the cardinality of A.

Definition 5.3:

For any »,pMeN ([0,1]), the addition
x+ pof X and p is defined as follows:

O ) (N) = Vigri=n (™ (K)AR(D)) for

anyn €N
Lemmab.4:

If E =(E,p) is a fuzzy vector space, then there exists
a finite sequence 1=0g >0;>0,>...>0,> 0 such that
(I) Ifabe (ai +1,ai], then Ha1 = K [v]
(II) Ifae (o +1,ai], andb € (i, 0 _1], then Mg 2 H ]

For a fuzzy vector space E = (E,l), by this Lemma , we can
obtain a family of vector space as follows:{0} S W11 & Hiez
G...C W EE

The family of irreducible level subspaces of E =
(E,p). Suppose that pg; # {0}, otherwise we can choose W)
.we can obtain a basis B, of P, by extending B,,.,. Thus we
obtain a sequence.

BuSBp&EBs&... EBy,, — (1)

Where B, is a basis of p,)(1< i <r). therefore, we can define
a fuzzy subset § of E as follows.
B (x) = V{a; : X € B 0;}, Then P is called a fuzzy basis of E
corresponding to (1)
The proof of the following theorem is trivial.

Theorem 5.5:

Let B be a fuzzy basis of E = (E, ) obtained by the
above equation (1) . Then the following statements hold:
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(I) Ifabe (0 +1,04], then B[a] =B bl = B
(i) I1fa€ (o .n0],andb € (opoi 4],
then B 2 By
(III) Ifabe (0 +1,04], then B(a) =B ) = B
(iV) Ifae (ai +1,ai], andb € (ai,aii _1],
then B 2 B )

Corollary 5.6:

Let B be a fuzzy basis of E = (E,u) obtained by the
above equation (1) .Then the following statements hold:
(1) a € (0,1], B [ is a basis of p
(i) a €[0,1), P (g is a basis of L

From the above corollary, we can easily obtain the following.
Corollary 5.7:

Let E = (E,u) be a fuzzy vector space and let f; and
B, be two fuzzy bases of E. then the following statements hold.
(i) Foranya € (0.1], | (B) @ | = | (B2) |
(iForanya € [0,1), | (B) | = | (B2) |
(iii) | B2 | = | B2

Definition 5.8:

A fuzzy basis for a fuzzy vector space E =(E, p) is a
fuzzy linearly Independent basis for E.

Note 5.9:

The following theorem shows how we can construct
a very wide class of fuzzy vector spaces with a fuzzy basis.

Theorem 5.10:

Given a vector space E with basis B={V, a }, 0 € A,
constant o € (0,1] and any set of constants { pa },ea C (0,1]
such that
lo > po for all o € A . Let us construct a function p :
E—[0,1] in the following way. Any Z #0,

Z € E can be uniquely written as

N
Z=ZaiV (vh with 870
i=1

N N
Define: p(Z)=N w(Vy) = N po; and p(0)= o
i=1 i=1

Cleary is defined for all Z € E and is well defined we claim
that E =(E, p) is a fuzzy vector space with fuzzy basis B.

Proof:
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Let X,Y € E/{0}. Then X and Y can be uniquely in
the following way
X= Y XiVu ,

i €CUDx

Y=% YiV

i €CUDy

Such that CN Dy =¢, CN Dy =¢, DxN Dy =, CU Dy and
CU Dy are finite and non - empty and for all i € CUDy, X; €
R\{0} and for all
i € CUD,,Y; € RY{0}.
Case (i) :
Supposea,b#0and a,b € R, thenax+hby#0
Let Z={i € C\axj+ by; =0}and N=C\Z

N={i€ C\ax;+ by; # 0}
Let us suppose that C, D, Dy, Z and N are all non empty we
shall prove the theorem for these sets. In case some of these
sets are empty the proof of theorem is almost identical.

(ax+by)
=u(X (gzéxi +byi) Vit Z@()axi)\’m+ Z_C(]Pyi)Vai)

= (X (axi +byi) Vit 3 (axi) Vit 3. (byi)Vai)

iEN i €Dx i €Dy

all Co-efficient in the above linear combination are non-zero
and thus by definition of p we have,

1 (ax + by)
=(Np (V) NN (V) N (N (V)
ieN i €Dx i €Dy
= (ﬂpui) N (ﬁ Hui) N (ﬁ Hui)
i ENUDxUDy i EN i €EDx
=N Hai
i EDy
> N Hai
i €CUDXUDy
= ( N Mo )ﬂ( N Hui)
i1 €CUDx i €CUDy
=) Nu(y)

Therefore if a,b = 0 and ax+by=0, then
p (ax+by) = p(x) N p(y).

case (ii):

when (ax+by)=0

since Ww(0)=po =>sup w(B) we must have
w(ax+by) = w(0) = p(x) N p(y)

case (iii):
When a or b is zero, without loss of generality we may
say a=0
Then p (0x-+by) = p (by) = p (x) N p(by)
i = p)N u(y)
Therefore E=(E, 1) is a fuzzy vector space with fuzzy basics B
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Hence the proof.
VI. FUZZY DIMENSION

In this section, we redefine the fuzzy dimension of
fuzzy vector spaces.

The cardinality of a crisp set. A can be regarded as an
increasing set of integers{0,1... ,n}. Such a set is also
mathematically equivalent to the integer n. for a crisp vector
space, its dimension was defined by the cardinality of its
bases. We can define analogously the fuzzy dimension of
fuzzy vector spaces as follows.

Definition 6.1:

Let E = (E, W) be a fuzzy vector space with a fuzzy
basis B. Define dim (E) = |B|. Then dim () is called the
fuzzy dimension of
E = (E,p).

Theorem 6.2:

Let E = (E, W) be a fuzzy vector space with a fuzzy
basis . Then
dim (E) () =V {a €[0,1):
|B@|=n i=V{a€0,1): dim (E ) >n}

Proof:

we know that, dim (E ) = | B | .Foranyn €N,
let »=V {a€[0,1): dim (E ) >n }Obviously, we have
X <dim (E) (n)=V {a €(0,1], | B | =n }.
In order to show that x > dim (E)(n), suppose that dim (E)(n)
# 0 and dim (E) (n) > b. Then there exists a > b such that
| By | > n. in this case, n < | B | < |Bpy| < |By|. This
implies x=V {a €[0,1): dim (E)@) >n } >b.Thus we have,x=
V {b: 0<b < dim (£) (n)}

= dim (E) (n).
This completes the proof.

Theorem 6.3:

Let E = (E, ) be a fuzzy vector space. Then

(i) For any a € (0,1], (dim(E)) ( = dim (E o)
(ii) For any a € [0,1), (dim(E)) ( = dim (E (o)
Proof :

Let {0} € M) & ) &+ Hia E

Be the family of irreducible level subspaces of
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E = (E,p). )
(i)We know from definition of dim (E) that
dim (E (7)) <(dim (E)) (- Now we need to show that (dim (E))
() < dim (E (7). From the definition of fuzzy dimension ,
we have n < (dim (E))gy

= (dim (&) (n) >«

=V {o;: dim (E)) >n} >«

= E ,; > a such that n < dim (E,;)

= n < dim (E,;)) < dim ()
Therefore, (dim (E)) (= dim (Ey) for any
a € (0,1].

(ii)In order to prove (dim (E)) < dim (E (), we suppose

that n= (dim (E)) () Then (dim (E) (n) a,

i.e, V{be€(,1]:dim (E[b]) >n} >a.
Hence, there exists b € (0,1] such that a < b and n < dim (Epy).
Since E[b] c E(a)y thus m < dim (E[a]) therefore, dim (dlm (E))(a)
<dim (E )

In order to show dim (dim (E)) < dim (E)) ., take
> osuch that B,y = . Then it is easy to see that dim (E,)
= dim (W[])
< (dim (E))(a < (dim(E))e)

Theorem 6.4 :

Let E; = (E,4) and E, = (E, W, ) be two fuzzy vector
spaces, then it holds (dim (E+E,) + dim (E; N Ey))s = dim
(E1)+dim(E,).

Proof :
(dim (Es+Ep) + dim (E; N Ep) g
= (dim (E1+Ep)) @+ (dim (EiNEy)) =dim
((E1+E2) @) + dim ((Ex N E2))) =dim
((El)(a)"'(]f:z)(a)) +dim (N(El)(a) N (E2)@)
=dim ((E1)@) + dim(Ez))
= (dim(]fil)) @t (d[m(Ez) @)
= (dim(Eq)+ (dim(Ey)) ()
Therefore, dim (E;+Ey) + dim (E; N Ey) = dim (Ep)+dim(Ey).

Proposition 6.5:

All finite dimensional vector spaces
E = (E, p) have fuzzy basis.

Proof:

Since we know that all fuzzy vector spaces E = (E, p)
for which Ww(E)is upper well ordered have a fuzzy basis, we
shall show that p(E) is upper well ordered.

If w(E) is not upper well-ordered then u(E) € [0,1]
has an increasing monotonic limit. There exists a sequence
{Xxi}"i=1 in E such that
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{ n(xi) } izt is strictly increasing sequence with limit a.
Let w(x;) = B> 0. Since E = (p, E) be any fuzzy vector space
and {Xi}“z1 E\{0} which has distinct p — values is linearly
and fuzzy linearly independent.
Let E = (E, p) be a fuzzy vector space. Then any set of vector
{Xi}"s1  E| {0} which has distinct p value linearly and
fuzzy linearly independent).{x;}"i=1 is linearly independent
consider the following sequence of bases for E.
Hn = the extension of the linearly independent set {x;} "i=; to
basis for E.
Now clearly we have,
H(x1) < U(X2) < P(K3)S vevvneannnnnn
and u(xq) > B

—> ux)>pforalli

2 u(x)>np

x€Hn

Which implies that dim (E) = oo, which is a contradiction to
the fact that E is finite dimensional. p(x) C [0,1] has no
increasing monotonic limit, w(E) is upper well ordered

By theorem 3.1 E = (E, p) has a fuzzy basis.

Lemma 6.6:

If E = (E, p) is a finite dimensional vector space then
for all a € W(E)\{0}, E’p is finite dimensional.
Proof :

To proof that E°u is finite dimensional. Let us
assume that E°p is infinite dimensional and B is a fuzzy basis
for E, then B N Ep® is also infinite. Since BN Ep” is a basis
for Ep”.

Hence Yp (v) =3 au(v)
VEE  VEBNE,
> o =
VEBNE ,
T (V) = o
vEB

—> dim (E) =

Which is a contradiction, because given E is finite
dimensional if dim (E)<
dim (E) < o0.E p° must be finite dimension.

Theorem 6.7:

If E = (E, ) is a finite dimensional,
dim (E) = Yu(v), where B is any fuzzy basis for E.

Proof :

It is sufficient to prove that
> W(v) <Y p (v) where B* is any basis for Ev€EB  v€EB
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By lemma 5.1 If E = (E, p) is a finite dimensional vector space
then for all
a € u(E)\{0}, E° is finite dimensional.for all
a>0, Eu® is a finite dimensional and B is an
B N Ep® is a fuzzy basis for E, = Ep” p\ Ep®). As Epn* NB is
an independent subset of Ep“.
we know that, Y au(v) < Y aw®)
VEBNE, VEBNE,
This is true for all o >0, and thus we must have,
2 HV) =X ap(v)
vE€B

VIl. CONCLUSION

We study the relation between vector space and
fuzzy bases with examples for each concept, the general
properties of fuzzy bases, fuzzy dimension, and fuzzy vector
space. We prove that all finite dimensional vector spaces have
fuzzy bases. Also it is proved that the two fuzzy vector spaces
have the same fuzzy dimensions, and the summation of two
fuzzy vector spaces is equal to the summation of fuzzy
dimensions.
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